
Mathematics is the Queen of Sciences and Arithmetic is the Queen of
Mathematics. – GAUSS 

5.1  Hkwfedk (Introduction)
fiNyh d{kkvksa esa geus ,d vkSj nks pj dh ,d ?kkrh; lehdj.kksa
dk rFkk ,d pj dh f}?kkrh; lehdj.kksa dk vè;;u fd;k gSA
geus ns[kk gS fd lehdj.k x2 + 1 = 0 dk dksbZ okLrfod gy ugha
gS D;ksafd x2 + 1 = 0 ls gesa x2 = – 1 izkIr gksrk gS vkSj  izR;sd
okLrfod la[;k dk oxZ Js.ksrj gksrk gS blfy,  okLrfod la[;k
iz.kkyh dks c`gn iz.kkyh osQ :i esa c<+kus dh vko';drk gS ftlls
fd ge lehdj.k x2 = – 1 dk gy izkIr dj losQaA okLro esa] eq[;
mís'; lehdj.k ax2 + bx + c = 0 dk gy izkIr djuk gS] tgk¡
D = b2 –  4ac < 0 gS, tksfd okLrfod la[;kvksa dh iz.kkyh esa
laHko ugha gSA

5.2  lfEeJ la[;k,¡  (Complex Numbers)

ge dYiuk djsa fd 1−  laosQru i ls fu:fir gSA rc gesa 2 1i = − izkIr gksrk gSA bldk rkRi;Z
gS fd i, lehdj.k x2 + 1 = 0 dk ,d gy gSA

a + ib osQ izk:i dh ,d la[;k tgk¡ a vkSj b okLrfod la[;k,¡ gSa] ,d lfEeJ la[;k

ifjHkkf"kr djrh gSA mnkgj.k osQ fy,] 2 + i3,  (– 1) + 3i ,  
14

11
i −⎛ ⎞+ ⎜ ⎟
⎝ ⎠

 lfEeJ la[;k,¡ gSaA

lfEeJ la[;k z = a + ib osQ fy,] a okLrfod Hkkx dgykrk gS rFkk Rez }kjk fu:fir
fd;k tkrk gS vkSj b dkYifud Hkkx dgykrk gS rFkk Imz }kjk fu:fir fd;k tkrk gSA mnkgj.k
osQ fy,] ;fn z = 2 + i5, rc Rez = 2 vkSj Imz = 5 nks lfEeJ la[;k,¡ z1 = a + ib rFkk  z2 =
c + id leku gksaxh ;fn a = c vkSj b = d.

W. R. Hamilton
 (1805-1865 A.D.)

5vè;k;

lfEeJ la[;k,¡ vkSj f}?kkrh; lehdj.k
(Complex Numbers and Quadratic Equations)
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mnkgj.k 1 ;fn 4x + i(3x – y) = 3 + i (– 6), tgk¡ x vkSj y okLrfod la[;k,¡ gSa] rc x vkSj y
Kkr dhft,A

gy  gesa fn;k gS
4x + i (3x – y) = 3 + i (– 6) ... (i)

nksuksa vksj osQ okLrfod rFkk dkYifud Hkkxksa dks leku ysrs gq,] gesa izkIr gksrk gS]
4x = 3, 3x – y = – 6,

ftUgsa ;qxir~ gy djus ij] 
3
4

x =  vkSj 
33
4

y =

5.3  lfEeJ la[;kvksa dk chtxf.kr (Algebra of Complex Numbers)
bl Hkkx esa] ge lfEeJ la[;kvksa osQ chtxf.kr dk fodkl djsaxsA

5.3.1 nks lfEeJ] la[;kvksa dk ;ksx (Addition of two complex numbers) ;fn

z1 = a + ib vkSj z2 = c + id dksbZ nks lfEeJ la[;k,¡ gSaA rc z1 + z2 osQ ;ksx dks fuEufyf[kr :i

ls ifjHkkf"kr fd;k tkrk gS%

z1 + z2 = (a + c) + i (b + d), tks fd iqu% ,d lfEeJ la[;k gSA

mnkgj.k osQ fy,] (2 + i3) + (– 6 +i5) = (2 – 6) + i (3 + 5) = – 4 + i 8
lfEeJ la[;kvksa osQ ;ksx fuEufyf[kr izxq.kksa dks larq"V djrs gSaA

(i) laojd fu;e  nks lfEeJ la[;kvksa dk ;ksxiQy ,d lfEeJ la[;k gksrh gS] vFkkZr

lkjh lfEeJ l[;kvksa z1 rFkk z2 osQ fy,] z1 + z2 ,d lfEeJ la[;k gSA

(ii) Øe fofue; fu;e fdUgha nks lfEeJ la[;kvks a z1 rFkk z2 osQ fy,

z1 + z2 = z2
 + z1

(iii) lkgp;Z fu;e fdUgha rhu lfEeJ la[;kvks a z1, z2 rFkk z3 osQ fy,

(z1 + z2) + z3 = z1 + (z2 + z3).
(iv) ;ksxkRed rRled dk vfLrRo lfEeJ la[;k 0 + i 0 (0 osQ }kjk n'kkZ;k tkrk gS)]

;ksxkRed rRled vFkok 'kwU; lfEeJ la[;k dgykrk gS ftlls fd izR;sd lfEeJ

la[;k z, z + 0 = z.
(v) ;ksxkRed izfrykse dk vfLrRo  izR;sd lfEeJ la[;k z = a + ib, osQ fy, gesa

lfEeJ la[;k – a + i(– b) (– z osQ }kjk n'kkZ;k tkrk gS) izkIr gksrh gS] tksfd ;ksxkRed

izfrykse vFkok z dk ½.k dgykrk gSA ge izsf{kr djrs gSa fd z + (–z) = 0
(;ksxkRed rRled)A
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5.3.2 nks lfEeJ la[;kvksa dk varj (Difference of two complex numbers) fdUgha nh xbZ
lfEeJ la[;kvksa z1 vkSj z2 dk varj z1 – z2 fuEu izdkj ls ifjHkkf"kr fd;k tkrk gS%

z1 – z2 = z1 + (–z2) mnkgj.kkFkZ (6 + 3i) – (2 – i) = (6 + 3 i) + (–2 + i) vkSj
(2 – i) + (– 6 – 3 i) = – 4 – 4 i

5.3.3 lfEeJ la[;kvksa dk xq.ku (Multiplication of two complex numbers) eku yhft,
z1 = a + ib rFkk z2 = c + id dksbZ nks lfEeJ la[;k,¡ gSaA rc xq.kuiQy z1.z2 fuEufyf[kr :i
ls ifjHkkf"kr fd;k tkrk gS%

z1 z2 = (ac –  bd) + i(ad + bc)
mnkgj.k osQ fy,, (3 + i5) (2 + i6) = (3 × 2 – 5 × 6) + i(3 × 6 + 5 × 2) = – 24 + i28

lfEeJ la[;kvksa osQ xq.ku dh lafØ;k esa fuEufyf[kr izxq.k gksrs gSa%
(i) laojd fu;e nks lfEeJ la[;kvksa dk xq.kuiQy] ,d lfEeJ la[;k gksrh gS] lkjh

lfEeJ la[;kvksa z1 rFkk z2 osQ fy,] xq.kuiQy z1, z2 ,d lfEeJ la[;k gksrh gSA
(ii) Øe fofue; fu;e fdUgha nks lfEeJ la[;kvksa z1 rFkk z2 osQ fy,]

z1 z2 = z2 z1

(iii) lkgp;Z fu;e fdUgha rhu lfEeJ la[;kvksa z1, z2 rFkk z3 osQ fy,
(z1 z2) z3 = z1 (z2 z3)

(iv) xq.kkRed rRled dk vkfLrRo lfEeJ la[;k 1 + i 0 (1 osQ }kjk n'kkZ;k tkrk gS),
xq.kkRed rRled vFkok ,dy lfEeJ la[;k dgykrk gS ftlls fd izR;sd lfEeJ
la[;k z osQ fy, z.1 = z

(v) xq.kkRed izfrykse dk vfLrRo izR;sd 'kwU;sÙkj lfEeJ la[;k z = a + ib

(a ≠ 0, b ≠ 0) osQ fy,] gesa lfEeJ la[;k 2 2 2 2
a –bi

a b a b
+

+ +
 (

1
z vFkok

z–1 osQ }kjk n'kkZ;k tkrk gS) izkIr gksrh gS] z dh xq.kkRed izfrykse dgykrh gS ftlls

fd
1 1z.
z
=  (xq.kkRed rRled)

(vi) caVu fu;e fdUgha rhu lfEeJ la[;kvksa z1, z2, z3 osQ fy,
(a)  z1 (z2 + z3) = z1 z2 + z1 z3
(b)  (z1 + z2) z3 = z1 z3 + z2 z3

5.3.4 nks lfEeJ la[;kvksa dk HkkxiQy (Division of two complex numbers) fdUgha nks

nh gqbZ lfEeJ la[;kvksa  z1 rFkk z2 osQ fy,] tgk¡ z2 ≠ 0, HkkxiQy 1

2

z
z  fuEufyf[kr izdkj ls
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ifjHkkf"kr fd;k tkrk gS  1
1

2 2

1z z
z z

=

mnkgj.k osQ fy,] eku fy;k z1 = 6 + 3i vkSj z2 = 2 – i

rc
1

2

16 3 )
2

z i
z i

⎛ ⎞= + ×⎜ ⎟−⎝ ⎠
= ( )6 3i+  ( )

( )
( )2 22 2

12
2 1 2 1

i
⎛ ⎞− −
⎜ ⎟+
⎜ ⎟+ − + −⎝ ⎠

= ( ) 26 3
5

ii +⎛ ⎞+ ⎜ ⎟
⎝ ⎠

= ( ) ( )1 112 3 6 6 9 12
5 5

i i⎡ − + + ⎤ = +⎣ ⎦

5.3.5 i dh ?kkr (Power of i ) gesa Kkr gSa %

( )3 2 1i i i i i= = − = − , ( ) ( )
2 24 2 1 1i i= = − =

( ) ( )
2 25 2 1i i i i i= = − = ,  ( ) ( )

3 36 2 1 1i i= = − = −  bR;kfn]

blh izdkj ge vkSj Hkh izkIr djrs gSa%  1 2
2

1 1 1, 1,
1 1

i ii i i
i i i

− −= × = = − = = = −
− −

3 4
3 4
1 1 1 1, 1

1 1
i ii i i

i ii i
− −= = × = = = = =

−

lkekU; :i ls] fdlh iw.kk±d k osQ fy,] i4k = 1, i4k + 1 = i, i4k + 2 = –1, i4k + 3 = – i

5.3.6 ,d ½.k okLrfod la[;k osQ oxZewy (The square roots of  a negative
real number)
Kkr gS% i2 = –1 vkSj ( – i)2 = i2 = – 1. blfy, – 1 osQ oxZewy i vkSj – i gSaA

;|fi fpÉ 1− ,  dk vFkZ gekjs fy, osQoy i gksxkA

vc ge ns[k ldrs gSa fd i vkSj –i nksuksa lehdj.k x2 + 1 = 0 vFkok x2 = –1 osQ gy gSaA

blh izdkj] ( ) ( )2 2
3 3i =  i2 = 3 (– 1) = – 3

vkSj ( )2
3 i−  = ( )2

3−  i2 = – 3
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blfy, – 3 osQ oxZewy 3 i  vkSj 3 i− gSaA

fiQj ls osQoy 3 i  dks n'kkZus osQ fy, gh izrhd 3−  dk iz;ksx fd;k tkrk gS] vFkkZr~

3−  = 3 i .

lkekU;r;k ;fn a ,d /ukRed okLrfod la[;k gS] rc a−  = 1a −  = a i ,

ge tkurs gSa fd lHkh /ukRed okLrfod la[;kvksa a vkSj b osQ fy, a b ab× =  ;g

ifj.kke rc Hkh lR; gksxk] tc a > 0, b < 0 ;k a < 0, b > 0.
D;k gksxk \ ;fn a < 0, b < 0, ge bldh tk¡p djrs gSa

uksV dhft, fd i2 = −1 −1  = ( )( 1)− −1  = 1  = 1 tksfd bl ckr dk fojks/kHkkl gS fd
i2 = –1

blfy,] a b ab× ≠  ;fn a vkSj b nksuksa ½.k okLrfod la[;k,¡ gSaA

vkxs ;fn a vkSj b nksuksa esa ls dksbZ Hkh 'kwU; gS] rc Li"V :i ls a b ab× =  = 0

5.3.7 rRled (Identities) ge fuEufyf[kr rRled dks fl¼ djrs gSa%
fdUgha lfEeJ la[;kvksa z1 vkSj z2 osQ fy,
( z1 + z2 )

2 =  z1
2 + z2

2 + 2z1z2

miifÙk  gesa izkIr gksrk gS] ( z1 + z2 )
2 = ( z1 + z2 ) ( z1 + z2 )

=  (z1 + z2) z1+ (z1 + z2) z2 (caVu fu;e)

= 2 2
1 2 1 1 2 2   z z z z z z (caVu fu;e)

= 2 2
1 1 2 1 2 2   z z z z z z (xq.ku dk Øe fofue; fu;e)

= 2 2
1 1 2 22z z z z+ +

blh Hkk¡fr ge fuEufyf[kr rRledksa dks fl¼ dj ldrs gSa%

(i) ( )2 2 2
1 2 1 1 2 22z z z z z z− = − +

(ii) ( )3 3 2 2 3
1 2 1 1 2 1 2 23 3z z z z z z z z+ = + + +

(iii) ( )3 3 2 2 3
1 2 1 1 2 1 2 23 3z z z z z z z z− = − + −

(iv) ( ) ( )2 2
1 2 1 2 1 2z – z z z z – z= +

okLro esa cgqr ls nwljs rRledksa dks tksfd lHkh okLrfod la[;kvksa osQ fy, lR; gSa] lHkh

lfEeJ la[;kvksa dh lR;rk osQ fy, fl¼ fd;k tk ldrk gSA



110      xf.kr

mnkgj.k 2 fuEufyf[kr dks a + ib osQ :i esa O;Dr djsa%

(i) ( ) 15
8

i i⎛ ⎞− ⎜ ⎟
⎝ ⎠

(ii) ( ) ( )2i i−  
31

8
i⎛ ⎞−⎜ ⎟

⎝ ⎠

gy (i) ( ) 15
8

i i⎛ ⎞− ⎜ ⎟
⎝ ⎠

 = 25
8

i−
 = ( )5 1

8
−

−  = 
5
8

= 
5 0
8

i+

(ii) ( ) ( )
312i

8
i i⎛ ⎞− −⎜ ⎟
⎝ ⎠

 = 512
8 8 8

i× ×
× ×

  = ( )221
256

i  
1i

256
i=

mnkgj.k 3 (5 – 3i)3 dks a + bi osQ :i esa O;Dr djsa%

gy  gesa izkIr gS] (5 – 3i)3  = 53 – 3 × 52 × (3i) + 3 × 5 (3i)2 – (3i)3

= 125 –  225i –  135 + 27i  = – 10 –  198i

mnkgj.k 4 ( )( )3 2 2 3 i− + − −  dks a + ib osQ :i esa O;Dr djsaA

gy  gesa izkIr gS ( ) ( )3 2 2 3 i− + − −   = ( ) ( )3 2 2 3i i− + −

     = 26 3 2 6 2i i i− + + −  = ( ) ( )6 2 3 1 2 2 i− + + +

5.4 lfEeJ la[;k dk ekikad vkSj la;qXeh  (The Modulus and the Conjugate
of a Complex Number)
eku yhft, z = a + ib ,d lfEeJ la[;k gSA rc z dk ekikad] tks | z | }kjk n'kkZ;k tkrk gS] dks

½.ksÙkj okLrfod la[;k a b2 2+  }kjk ifjHkkf"kr fd;k tkrk gS vFkkZr~ | z | = a b2 2+  vkSj

z dk la;qXeh] tks z  }kjk n'kkZ;k tkrk gS] lfEeJ la[;k a – ib gksrk gS] vFkkZr~ z  = a – ib

mnkgj.k osQ fy,] 2 23 3 1 10i+ = + = , 2 22 5 2 ( 5) 29i− = + − = ,

vkSj 3 3i i+ = − ,  2 5 2 5i i− = + , 3 5i− −  = 3i – 5

ge izsf{kr djrs gSa fd ½.ksÙkj lfEeJ la[;k z = a + ib dk xq.kkRed izfrykse

z–1 = 
1

a ib+
 = 2 2 2 2

a bi
a b a b

−
+

+ +
 = 2 2

a ib
a b
−
+

 =  2
z
z ] gksrk gS

vFkkZr~ z 2z z=

vxzr% fdUgha nks lfEeJ la[;kvksa z1 ,oa z2 osQ fy, fuEufyf[kr fu"d"kksaZ dks lqxerk ls O;qRiUu

fd;k tk ldrk gS%
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(i) 1 2 1 2z z z z= (ii)
11

2 2

zz
z z

= , ;fn 2 0z ≠

(iii) 1 2 1 2z z z z= (iv) 1 2 1 2z z z z± = ±

(v) 1 1

2 2

z z
z z

⎛ ⎞
=⎜ ⎟

⎝ ⎠
 ;fn  z2 ≠ 0.

mnkgj.k 5 2 – 3i dk xq.kkRed izfrykse Kkr dhft,A

gy eku fy;k z = 2 – 3i

rc z  = 2 + 3i vkSj 2 2 22 ( 3) 13z = + − =

blfy,] 2 – 3i dk xq.kkRed izfrykse

z–1 2
2 3 2 3

13 13 13
z i i
z

+
= = = + izkIr gksrk gSA

Åij fn;k x;k lkjk gy fuEufyf[kr <ax ls Hkh fn[kk;k tk ldrk gS%

z–1 = 
1 2 3

2 3 (2 3 )(2 3 )
i

i i i
+

=
− − +

 = 2 2
2 3 2 3 2 3

13 13 132 (3 )
i i i
i

+ +
= = +

−

mnkgj.k 6 fuEufyf[kr dks a + ib osQ :i esa O;Dr djsaA

(i)
5 2
1 2

i
i

+
−

(ii) i–35

gy (i)
5 2
1 2

i
i

+
−

 = 
5 2 1 2
1 2 1 2

i i
i i

+ +
×

− +
= 

( )2
5 5 2 2 2

1 2

i i

i

+ + −

−

=
3 6 2 3(1 2 2 )

1 2 3
i i+ +
=

+
 = 1 2 2i+

(ii)
( )

35
35 172

1 1 1 ii
i ii i i

− = = = ×
−

 = 2
i i
i
=

−
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iz'ukoyh 5.1

iz'u 1 ls 10 rd dh lfEeJ la[;kvksa esa izR;sd dks a + ib osQ :i esa O;Dr dhft,A

1. ( ) 35
5

i i⎛ ⎞−⎜ ⎟
⎝ ⎠

2. i i9 19+ 3. i −39

4. 3(7 + i7) + i (7 + i7) 5. (1 – i) – ( –1 + i6)

6.  
1 2 54
5 5 2

i i⎛ ⎞ ⎛ ⎞+ − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

7.
1 7 1 44
3 3 3 3

i i i⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + + − − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

8. (1 – i)4 9.
3

3
1 3⎛ i ⎞+⎜ ⎟

⎝ ⎠
10.

3

2 1⎛
3

i ⎞− −⎜ ⎟
⎝ ⎠

iz'u 11 ls 13 dh lfEeJ la[;kvksa esa izR;sd dk xq.kkRed izfrykse Kkr dhft,A

11. 4 –  3i 12. 5 3i+ 13. – i

14. fuEufyf[kr O;atd dks a + ib osQ :i esa O;Dr dhft,%

( ) ( )
( ) ( )

3 5 3 5

3 2 3 2

i i

i i

+ −

+ − −

5.5 vkxZaM ry vkSj /zqoh; fu:i.k (Argand Plane and Polar Representation)

tSlk fd ge igys ls gh tkurs gSa fd okLrfod la[;kvksa (x, y) osQ izR;sd Øfer ;qXe osQ laxr]
gesa X Y ry esa nks ikjLifjd yac js[kkvksa osQ
lanHkZ esa ftUgsa x– v{k y – v{k }kjk tkuk tkrk
gS] ,d vf}rh; fcanq izkIr gksrk gSA vFkkZr~
lfEeJ la[;k x + iy dk tks Øfer ;qXe
(x,y) osQ laxr gS] ry esa ,d vf}rh; fcanq
(x, y) osQ :i esa T;kferh; fu:i.k fd;k tk
ldrk gSA ;g dFku foykser% lR; gSA

dqN lfEeJ la[;kvksa tSls 2 + 4i,
 –2 + 3i, 0 + 1i, 2 + 0i, –5 –2i vkSj 1–2i dks
tksfd Øfer ;qXeksa (2, 4), (–2,3), (0,1), (2,0),
(–5,–2) vk S j (1, –2) o s Q l axr g S a ]
vkòQfr 5.1 esa fcanqvksa A, B, C, D, E vkSj F
}kjk T;kferh; fu:i.k fd;k x;k gSA vko`Qfr 5.1
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ry] ftlesa izR;sd fcanq dks ,d lfEeJ
la[;k }kjk fufnZ"V fd;k x;k gS] lfEeJ ry
;k vkxZaM ry dgykrk gSA
vkxZaM ry esa lfEeJ la[;k (x + iy) dk
ekikad fcanq P(x,y) ls ewy fcanq O(0,0) osQ
chp dh n wj h }kj k i z k Ir gk sr k g S
(vko`Qfr 5-2)A

x–v{k ij fcanq] lfEeJ la[;kvksa
a + i0 :i osQ laxr gksrs gSa vkSj y–v{k ij
fcanq] lfEeJ la[;kvksa 0 + ib :i osQ laxr
gksrs gSaA vkxZaM ry esa  x–v{k vkSj y–v{k
Øe'k% okLrfod v{k vkSj dkYifud v{k
dgykrs gSaA

vkxZaM ry esa lfEeJ la[;k z = x + iy vkSj bldh la;qXeh z = x – iy dks fcanqvksa
P(x, y) vkSj Q(x, –y) osQ }kjk fu:fir fd;k x;k gSA T;kferh; Hkk"kk ls] fcanq
(x, –y) okLrfod v{k osQ lkis{k fcanq (x, y) dk niZ.k izfrfcac dgykrk gS (vko`Qfr 5-3)A

vko`Qfr 5-2

vko`Qfr 5-3

5-5-1 ,d lfEeJ la[;k dk /zqoh; fu:i.k (Polar representation of a complex
number) ekuk fd fcanq P. ½.ksÙkj lfEeJ la[;k z = x  + iy dk fu:i.k djrk gSA ekuk fd fn"V
js[kk[kaM OP dh yackbZ r gS vkSj θ og dks.k gS tks OP, x–v{k dh /ukRed fn'kk osQ lkFk
cukrk gSA
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ge è;ku nsa fd P okLrfod la[;kvksa osQ
Øfer ;qXe ( r, θ ) ls vf}rh; :i ls fuèkkZfjr
fd;k tkrk gSA ( r, θ ) fcanq P osQ /zqoh; funsZ'kkad
dgykrs gSa vko`Qfr 5-4 nsf[k,A
ge ewy fcanq dks /zqo rFkk x –v{k dh /u fn'kk
dks izkjafHkd js[kk ekurs gSaA

;gk¡ x = r cos θ, y = r sin θ vkSj blfy,
z = r (cos θ + i sin θ), lfEeJ la[;k dk /zqoh;

:i dgykrk gSA ;gk¡ 2 2r x y z= + =  dks z

dk ekikad dgrs gSa vkSj θ] lfEeJ la[;k dk
dks.kkad ;k vk;ke dgykrk gS rFkk dks.kkad z ls fu:fir gksrk gSA

fdlh lfEeJ la[;k z ≠ 0] 0 ≥ θ < 2π esa θ dk osQoy eku laxr gSaA fiQj Hkh] 2π dh
yackbZ osQ fdlh nwljs] varjky osQ fy,] mnkgj.k osQ rkSj ij – π <  θ ≤  π bl izdkj dk ,d
varjky gks ldrk gSA ge θ dk ,slk eku] ftlesa dh  – π <  θ ≤  π, z dk eq[; vk;ke dgykrk
gS vkSj arg z ls fu:fir fd;k tkrk gSA vko`Qfr 5-5 vkSj 5-6 nsf[k,A

vko`Qfr 5-4

vko`Qfr 5.5 ( )0 2≤ θ < π

vko`Qfr 5.6 (– π < θ ≤ π )
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mnkgj.k 7 lfEeJ la[;k 1 3z i= +  dks /zqoh; :i esa fu:fir dhft,A

gy  ekuk 1 = r cos θ, 3  = r sin θ
nksuksa rjiQ dk oxZ djosQ vkSj tksM+us ij gesa izkIr gS]

( )2 2 2cos θ sin θ 4r + =

vFkkZr~ 4 2r = =  (izfrn'kZ :i ls]  r >0)

blfy,
1cos θ
2

= , 
3sin θ

2
=

buls izkIr gksrk gS θ
π

=
3

blfy, visf{kr /zqoh; :i 
π π2 cos sin
3 3

z i⎛ ⎞= +⎜ ⎟
⎝ ⎠

lfEeJ la[;k la[;k dks vko`Qfr 5.7 esa n'kkZ;k x;k gSA

mnkgj.k 8 lfEeJ la[;k 
16

1 3i
−
+

 dks /zqoh; :i esa :ikarfjr dhft,A

gy nh gqbZ lfEeJ la[;k 
16

1 3i
−
+

 = 
16 1 3

1 3 1 3
i

i i
− −

×
+ −

=
( )
( )

( )
2

16 1 3 16 1 3

1 31 3

i i

i

− − − −
=

+−

= ( )4 1 3 4 4 3i i− − = − +  (vko`Qfr 5.8)

ekuk  – 4 = r cos θ, 4 3  = r sin θ

nksuksa vksj oxZ djosQ vkSj tksM+us ij gesa izkIr gksrk gS  16 + 48 = ( )2 2 2cos θ + sin θr

ftlls gesa izkIr gksrk gS] r2 = 64,  vFkkZr~ r = 8

blfy,] cos θ = −
1

2
,  sin θ  = 

3
2

 
π 2πθ = π – =
3 3

vko`Qfr  5.7

vko`Qfr  5. 8
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blfy,] vko';d /zqoh; :i = 
2π 2π8 cos sin
3 3

i⎛ ⎞+⎜ ⎟
⎝ ⎠

iz'ukoyh 5.2

iz'u 1 ls 2 rd lfEeJ la[;kvksa esa izR;sd dk ekikad vkSj dks.kkad Kkr dhft,%

1.  z = – 1 –  i 3 2. z = – 3  + i

iz'u 3 ls 8 rd lfEeJ la[;kvksa esa izR;sd dks /zqoh; :i esa :ikarfjr dhft,%
3. 1 – i 4. – 1 + i 5. – 1 – i

6. – 3 7. 3  + i 8. i

5.6  f}?kkrh; lehdj.k (Quadratic Equations)
gesa igys gh f}?kkrh; lehdj.kksa osQ ckjs esa tkudkjh gS vkSj geus mudksa okLrfod la[;kvksa osQ
leqPp; esa mu fLFkfr;ksa esa gy fd;k gS tgk¡ fofoDrdj ≥  0 gSA vc ge fuEufyf[kr f}?kkrh;
lehdj.k osQ ckjs esa fopkj djrs gSa%
ax2 + bx + c = 0 ftlesa a, b, c okLrfod xq.kkad gSa vkSj a ≠ 0
eku yhft, fd b2 – 4ac < 0
ge tkurs gSa fd ge lfEeJ la[;kvksa osQ leqPp; esa ½.kkRed okLrfod la[;kvksa osQ oxZewy
fudky ldrs gSaA blfy, mi;qZDr lehdj.k osQ gy lfEeJ la[;kvksa osQ leqPp; esa gSa tksfd

2 4
2

b b acx
a

− ± −
=

24
2

b ac b i
a

− ± −
= }kjk izkIr gksrs gSaA

fVIi.kh   ;gk¡ ij] dqN yksx ;g tkuus osQ fy, mRlqd gksaxs] fd fdlh lehdj.k esa fdrus
ewy gksaxs\ bl lanHkZ esa] fuEufyf[kr izes; dks mYys[k (fcuk miifÙk) osQ fd;k x;k gS ftls
^chtxf.kr dh ewy izes;* osQ :i esa tkuk tkrk gSA

¶,d cgqin lehdj.k dk de ls de ,d ewy gksrk gŞ A
bl izes; osQ iQyLo:i ge fuEufyf[kr egÙoiw.kZ ifj.kke ij ig¡prs gSaA

¶n ?kkr dh ,d cgqin lehdj.k esa n ewy gksrs gSaA¸
mnkgj.k 9 x2 + 2 = 0 dks gy dhft,A
gy % gesa fn;k gS x2 + 2 = 0
;k x2 = – 2

vFkkZr~ x = 2± −  = 2± i
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mnkgj.k 10 x2 + x + 1= 0 dks gy dhft,A

gy  ;gk¡ b2 – 4ac = 12 – 4 × 1 × 1 = 1 –  4 = – 3

blfy,] blosQ gy x = 
1 3 1 3
2 1 2

i− ± − − ±
=

×
gSa

mnkgj.k 11 25 5 0x x+ + =  dks gy dhft,A

gy  ;gk¡] lehdj.k dk fofoDrdj 21 4 5 5− × ×  = 1 –  20 = – 19 gSA

blfy, gy  
1 19 1 19

2 5 2 5
i− ± − − ±

=  gSA

iz'ukoyh 5.3

fuEufyf[kr lehdj.kksa esa ls izR;sd dks gy dhft,%

1. x2 + 3 = 0 2. 2x2 + x + 1 = 0 3. x2 + 3x + 9 = 0
4. – x2 + x – 2 = 0 5. x2 + 3x + 5 = 0 6. x2 – x + 2 = 0

7. 22 2 0x x+ + = 8. 23 2 3 3 0x x− + =

9.
2 1 0

2
x x+ + = 10.

2 1 0
2

xx + + =

fofo/ mnkgj.k

mnkgj.k 12
(3 2 )(2 3 )
(1 2 )(2 )

i i
i i

− +
+ −  dk la;qXeh Kkr dhft,A

gy  ;gk¡
(3 2 )(2 3 )
(1 2 )(2 )

i i
i i

− +
+ −  =

6 9 4 6
2 4 2

i i
i i

+ − +
− + +

 = 
12 5 4 3
4 3 4 3

i i
i i

+ −
×

+ −

=
48 36 20 15 63 16

16 9 25
i i i− + + −

=
+

 = 
63 16
25 25

i−

blfy,
(3 2 )(2 3 )
(1 2 )(2 )

i i
i i

− +
+ −  dk la;qXeh] 

63 16
25 25

i+  gSA
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mnkgj.k 13 fuEufyf[kr lfEeJ la[;kvksa dk ekikad ,oa dks.kkad Kkr dhft,A

(i)
1
1

i
i

+
−

(ii)
1

1 i+

gy gesa izkIr gS] 
1
1

i
i

+
−

= 
1 1 1 1 2
1 1 1 1

i i i i
i i

+ + − +
× = =

− + +
= 0 + i

vc] 0 = r cos θ, 1 = r sin θ

nksuksa vksj oxZ djosQ tksM+rs gq, gesa izkIr gksrk gS]  r2 = 1 vFkkZr~ r = 1 rFkk
cos θ = 0, sin θ = 1

blfy,, πθ
2

=

bl izdkj 
1
1

i
i

+
−

 dk ekikad 1 gS rFkk dks.kkad 
π
2
 gksxkA

(ii)
1 1 1 1

1 (1 )(1 ) 1 1 2 2
i i i

i i i
− −

= = = −
+ + − +

eku yhft,
1
2

= r cos θ, – 
1
2

 = r sin θ

Hkkx (i) dh rjg ge izkIr djrs gSa]

r = 
1
2 , cos θ = 

1
2

, sin θ =  _
1
2

blfy,
πθ

4
−

=

1
1 i+  dk ekikad 

1
2    rFkk dks.kkad 

π
4
−

 gSA

mnkgj.k 14 ;fn x + iy = 
a ib
a ib
+
−  gS rks, fl¼ dhft, fd x2 + y2 = 1

gy gesa izkIr gS]  x + iy = 
( )( )
( )( )
a ib a ib
a ib a ib
+ +
− +  = 

2 2

2 2
2a b abi

a b
− +

+  = 
2 2

2 2 2 2
2a b ab i

a b a b
−

+
+ +
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blfy,] x –  iy = 
2 2

2 2 2 2
2a b ab i

a b a b
−

−
+ +

bl izdkj x2 + y2 = (x + iy) (x – iy) =
2 2 2 2 2

2 2 2 2 2 2
( ) 4
( ) ( )
a b a b
a b a b

−
+

+ +

=
2 2 2

2 2 2
( )
( )
a b
a b

+
+  = 1

mnkgj.k 15 θ dk okLrfod eku crkb,] tcfd

3 2 sinθ
1 2 sinθ

i
i

+
−  ek=k okLrfod gSA

gy gesa izkIr gS]
3 2 sinθ
1 2 sinθ

i
i

+
− =

(3 2 sinθ) (1 2 sinθ)
(1 2 sinθ) (1 2 sinθ)

i i
i i

+ +
− +

=
2

2
3+6 sinθ+ 2 sinθ – 4sin θ

1+ 4sin θ
i i

=
2

2 2
3 4sin θ 8 sinθ
1 4sin θ 1 4sin θ

i−
+

+ +

fn;k gqvk gS fd lfEeJ la[;k okLrfod gSA

blfy, 2
8sinθ

1 4sin θ+
 = 0  vFkkZr~  sin θ = 0

vr θ  =  nπ, n ∈ Z.

mnkgj.k 16 lfEeJ la[;k
1

π πcos sin
3 3

iz
i

−
=

+
 dks /zqoh; :i esa ifjofrZr dhft,A

gy  gesa izkIr gS] z =
1

1 3
2 2

i

i

−

+

=
( )2 3 1 32( 1) 1 3

1 31 3 1 3

i ii i
i i

+ − +− −
× =

++ −
 = 

3 1 3 1
2 2

i− +
+
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eku yhft,
3 1 3 1θ θ
2 2

r cos ,− r sin+
= =

nksuksa vksj oxZ djosQ] tksM+rs gq, gesa izkIr gksrk gS]
2 2

2 3 1 3 1
2 2

r
⎛ ⎞ ⎛ ⎞− +

= +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= 
( )2

2 3 1 2 4 2
4 4

⎛ ⎞+⎜ ⎟ ×⎝ ⎠ = =

vFkkZr~ r 2=  blls

3 1 3 1cosθ , sinθ
2 2 2 2
− +

= =  izkIr gksrk gS

blfy, π π 5πθ
4 6 12

= + =  (D;ksa \)

vFkkZr~]
5π 5π2 cos sin
12 12

i⎛ ⎞+⎜ ⎟
⎝ ⎠

 /zqoh; :i gSA

vè;k; 5 ij fofo/ iz'ukoyh

1.

325
18 1i

i
⎡ ⎤⎛ ⎞+⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
 dk eku Kkr dhft,A

2. fdUgha nks lfEeJ la[;kvksa z1 vkSj z2 osQ fy,] fl¼ dhft,%
Re (z1 z2) = Rez1 Rez2 – Imz1 Imz2

.

3.
1 2 3 4

1 4 1 5
i

i i i
−⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟− + +⎝ ⎠ ⎝ ⎠

  dks ekud :i esa ifjofrZr dhft,A

4. ;fn 
a ibx iy
c id
−

− =
−

 ] rks fl¼ dhft, fd 
2 2

2 2
2 2( 2 )    

 
a bx y
c d

5. fuEufyf[kr dks /zqoh; :i esa ifjofrZr dhft,%

(i) ( )2
1 7
2

i
i

+

− (ii)
1 3
1– 2

i
i

+

iz'u 6 ls 9 esa fn, x, izR;sd lehdj.k dks gy dhft,%

6. 2 203 4 0
3

x x− + = 7. 2 32 0
2

x x− + =
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8. 227 10 1 0x x− + = 9. 221 28 10 0x x− + =

10. ;fn z1 = 2 – i, z2 = 1 + i, 
1 2

1 2

1
–

z z
z z i
+ +

+  dk eku Kkr dhft,A

11. ;fn a + ib = 
2

2
( )
2 1
x i
x
+
+

, fl¼ dhft, fd] a2 + b2 = 
( )

2 2

22

( 1)

2 1

x

x

+

+

12. ekuk z1 = 2 – i, z2 = –2 + i, fuEu dk eku fudkfy,A

(i) 1 2

1
Re z z

z
⎛ ⎞
⎜ ⎟
⎝ ⎠

(ii)
1 1

1Im
z z

⎛ ⎞
⎜ ⎟
⎝ ⎠

13. lfEeJ la[;k 
1 2
1 3

i
i

+
−

 dk ekikad vkSj dks.kkad Kkr dhft,A

14. ;fn (x – iy) (3 + 5i),  –6 – 24i  dh la;qXeh gS rks okLrfod la[;k,¡ x vkSj y Kkr dhft,A

15.
1 1
1 1

i i
i i

+ −
−

− +  dk ekikad Kkr dhft,A

16. ;fn (x + iy)3 = u + iv, rks n'kkbZ, fd 
2 24( – )u v x y

x y
+ =

17. ;fn α vkSj β fHkUu lfEeJ la[;k,¡ gSa tgk¡ β 1= , rc 
β α

1 αβ
–

–  dk eku Kkr dhft,A

18. lehdj.k 1 2x x– i =  osQ 'kwU;sÙkj iw.kkZad ewyksa dh la[;k Kkr dhft,A

19. ;fn (a + ib) (c + id) (e + if) (g + ih) = A + iB gS

rks n'kkZb, fd (a2 + b2) (c2 + d2) (e2 + f 2) (g2 + h2) = A2 + B2

20. ;fn 
1 1
1

m
i

– i
⎛ ⎞+

=⎜ ⎟
⎝ ⎠

, rks m dk U;wure iw.kkZad eku Kkr dhft,A
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lkjka'k

a + ib osQ izk:i dh ,d la[;k] tgk¡ a vkSj b okLrfod la[;k,¡ gSa] ,d lfEeJ la[;k
dgykrh gS] a lfEeJ la[;k dk okLrfod Hkkx vkSj b bldk dkYifud Hkkx
dgykrk gSA
ekuk z1 = a + ib vkSj z2 = c + id] rc
(i) z1 + z2 = (a + c) + i (b + d)
(ii) z1 z2  = (ac – bd) + i (ad + bc)
fdlh 'kwU;sÙkj lfEeJ la[;k z = a + ib (a ≠ 0, b ≠ 0) osQ fy,] ,d lfEeJ la[;k

2 2 2 2
a bi

a b a b
−

+
+ + , dk vfLrRo gksrk gS] bls 

1
z  ;k z–1 }kjk fufnZ"V fd;k tkrk gS

vkSj z dk xq.kkRed izfrykse dgykrk gS ftlls fd (a + ib) 
2

2 2 2 2
a bi

a b a b
⎛ ⎞−

+⎜ ⎟
+ +⎝ ⎠

= 1 + i0 =1 izkIr gksrk gSA
fdlh iw.kk±d k osQ fy,, i4k = 1, i4k + 1 = i, i4k + 2 = – 1, i4k + 3 = – i
lfEeJ la[;k z = a + ib dk la;qXeh z }kjk fufnZ"V fd;k tkrk gS vkSj z  = a – ib
}kjk n'kkZ;k tkrk gSA

lfEeJ la[;k z = x + iy dk /zqoh; :i r (cos θ + i sin θ), gS] tgk¡ r = 2 2x y+

(z dk ekikad) vkSj cosθ  = 
x
r , sinθ  = 

y
r  (θ, z dk dks.kkad dgykrk gSA) θ dk

eku] ftlls fd – π < θ ≤ π, z dk izeq[k dks.kkad dgykrk gSA
,d n ?kkrokys cgqin lehdj.k osQ n ewy gksrs gSaA
,d f}?kkrh; lehdj.k ax2 + bx + c = 0, tgk¡ a, b, c ∈ R, a ≠ 0, b2 – 4ac < 0,

osQ gy x = 
24

2
b ac b

a
− ± −

 i osQ }kjk izkIr gksrs gSaA

,sfrgkfld i`"BHkwfe

;wukfu;ksa us bl rF; dks igpkuk Fkk fd ,d ½.k la[;k osQ oxZewy dk okLrfod la[;k
i¼fr esa dksbZ vfLrRo ugha gS ijarq bldk Js; Hkkjrh; xf.krK Mahavira (850 bZñ)
dks tkrk gS ftUgksaus loZizFke bl dfBukbZ dk Li"Vr% mYys[k fd;kA ¶mUgksaus viuh
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o`Qfr ̂ xf.kr lkj laxzg* esa crk;k fd ½.k (jkf'k) ,d iw.kZoxZ (jkf'k) ugha gS] vr%
bldk oxZewy ugha gksrk gSA** ,d nwljs Hkkjrh; xf.krK Bhaskara us 1150 bZñ esa viuh
o`Qfr ^chtxf.kr* esa Hkh fy[kk gS] ¶½.k jkf'k dk dksbZ oxZewy ugha gksrk gS D;ksafd
;g ,d oxZ ugha gSA¸ Cardan (1545 bñ) us x + y = 10, xy = 40 dks gy djus esa

mRiUu leL;k ij è;ku fn;kA mUgksaus x = 5 + 15−  rFkk y = 5 – 15−   blosQ gy
osQ :i esa Kkr fd;k ftls mUgksaus Lo;a vekU;dj fn;k fd ;s la[;k,¡ O;FkZ (useless) gSaA
Albert Girard (yxHkx 1625 bZñ) us ½.k la[;kvksa osQ oxZewy dks Lohdkj fd;k vkSj dgk
fd] blls ge cgqinh; lehdj.k dh ftruh ?kkr gksxh] mrus ewy izkIr djkus esa l{ke gksaxsA

Euler us loZizFke 1−  dks  i laosQru iznku fd;k rFkk W.R. Hamilton (yxHkx 1830
bZñ) us ,d 'kq¼ xf.krh; ifjHkk"kk nsdj vkSj rFkkdfFkr ^dkYifud la[;k* osQ iz;ksx dks
NksM+rs gq, lfEeJ la[;k a + ib dks okLrfod la[;kvksa osQ Øfer ;qXe (a, b) osQ :i esa
izLrqr fd;kA

— —


