
With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature – WHITEHEAD 

13.1 Hwkfedk (Introduction)
;g vè;k; dyu dh ,d Hkwfedk gSA dyu xf.kr dh og 'kk[kk
gS ftlesa eq[;r% izkar esa fcanqvksa osQ ifjorZu ls iQyu osQ eku esa gksus
okys ifjorZu dk vè;;u fd;k tkrk gSA igys ge vodyt dk
(okLrfod :i ls ifjHkkf"kr fd, fcuk) lgtkuqHkwr cks/ (Intuitive
idea) djkrs gSaA rn~ksijkar ge lhek dh lgt ifjHkk"kk nsaxs vkSj lhek
osQ chtxf.kr dk oqQN vè;;u djsaxsA blosQ ckn ge vodyt dh
ifjHkk"kk djus osQ fy, okil vk,¡xs vkSj vodyt osQ chtxf.kr dk
oqQN vè;;u djsaxsA ge oqQN fo'ks"k ekud iQyuksa osQ vodyt Hkh
izkIr djsaxsA

13.2  vodytksa dk lgtkuqHkwr cks/

(Intuitive Idea of Derivatives)
HkkSfrd iz;ksxksa us vuqeksfnr fd;k gS fd fiaM ,d [kM+h@Å¡ph pV~Vku ls fxjdj t lsoaQMksa esa  4.9t2

ehVj nwjh r; djrk gS vFkkZr~ fiaM }kjk ehVj esa r; dh xbZ nwjh (s)  lsoaQMksa esa ekis x, le; (t)
osQ ,d iQyu osQ :i esa s = 4.9t2 ls nh xbZ gSA

layXu lkj.kh 13-1 esa ,d [kM+h@Å¡ph pV~Vku ls fxjk, x, ,d fiaM osQ lsoaQMksa esa fofHkUu
le; (t) ij ehVj esa r; dh nwjh (s) nh xbZ gSA

bu vk¡dM+ksa ls le; t = 2 lsoaQM ij fiaM dk osx Kkr djuk gh mís'; gSA bl leL;k rd
igq¡pus osQ fy, t = 2 lsoaQM ij lekIr gksus ckys fofo/ le;karjkyksa ij ekè; osx Kkr djuk ,d
<ax gS vkSj vk'kk djrs gSa fd blls t = 2 lsoaQM ij osx osQ ckjs esa oqQN izdk'k iM+sxkA

13vè;k;

lhek vkSj vodyt
(Limits and Derivatives)
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t = t1 vkSj t = t2  osQ chp ekè; osx t = t1 vkSj t = t2  lsdaMksa
osQ chp r; dh xbZ nwjh dks (t2– t1) ls Hkkx nsus ij izkIr gksrk
gSA vr% izFke 2 lsdaMksa esa ekè; osx
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blh izdkj fofo/ osQ fy, t = t1 vkSj t = 2 osQ chp ge
ekè; osx dk ifjdyu djrs gSaA fuEufyf[kr lkj.kh 13-2]
t = t1 lsoaQMksa vkSj t = 2 lsoaQMksa osQ chp ehVj izfr lsoaQM
esa ekè; osx (v) nsrh gSA

lkj.kh 13.2

t1 0 1 1.5 1.8 1.9 1.95 1.99

v 9.8 14.7 17.15 18.62 19.11 19.355 19.551

bl lkj.kh ls ge voyksdu djrs gSa fd ekè; osx /hjs&/hjs c<+ jgk gSA tSls&tSls t = 2
ij lekIr gksus okys le;karjkyksadks y?kqÙkj cukrs tkrs gSa ge ns[krs gSa fd t = 2 ij ge osx dk ,d
cgqr vPNk cks/ dj ikrs gSaA vk'kk djrs gSa fd 1-99 lsoaQM vkSj 2 lsoaQM osQ chp oqQN vizR;kf'kr
?kVuk u ?kVs rks ge fu"d"kZ fudkyrs gSa fd t = 2 lsoaQM ij ekè; osx 19.55 eh@ls ls FkksM+k vf/
d gSA

bl fu"d"kZ dks fuEufyf[kr vfHkdyuksa osQ leqPp; ls fdafpr cy feyrk gSA t = 2 lsoaQM
ls izkjaHk djrs gq, fofo/ le;karjkyksa ij ekè; osx dk ifjdyu dhft,A iwoZ dh Hkk¡fr t = 2 lsoaQM
vkSj t = t2 lsoaQM osQ chp ekè; osx (v)

= 2

2

2  
2

t
t −

lsoaQM vkSj los aQM oQs  chp r; dh njw h

t s
0 0
1 4.9
1.5 11.025
1.8 15.876
1.9 17.689
1.95 18.63225
2 19.6
2.05 20.59225
2.1 21.609
2.2 23.716
2.5 30.625
3 44.1
4 78.4

lkj.kh 13.1
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fuEufyf[kr lkj.kh 13.3, t = 2 lsoaQMksa vkSj t2 lsoaQM osQ chp ehVj izfr lsoaQM esa ekè; osx
v nsrh gS%

lkj.kh 13.3

t2 4 3 2.5 2.2 2.1 2.05 2.01

v 29.4 24.5 22.05 20.58 20.09 19.845 19.649

;gk¡ iqu% ge è;ku nsrs gSa fd ;fn ge t = 2, ls izkjaHk djrs gq, y?kqÙkj le;kUrjkyksa dks ysrs
tkrs gSa rks gesa t = 2 ij osx dk vf/d vPNk cks/ gksrk gSA

vfHkdyuksa osQ izFke leqPp; esa geus  t = 2 ij lekIr gksus okys c<+rs le;kUrjkyksa esa ekè;
osx Kkr fd;k gS vkSj rc vk'kk dh gS fd t = 2 ls fdafpr iwoZ dqN vizR;kf'kr ?kVuk u ?kVsA
vfHkdyuksa osQ f}rh; leqPp; esa t = 2 ij var gksus okys ?kVrs le;karjkyksasa esa ekè; osx Kkr fd;k
gS vkSj rc vk'kk dh gS fd t = 2 osQ fdafpr ckn dqN vizR;kf'kr ?kVuk u ?kVsA fo'kq¼ :i ls
HkkSfrdh; vk/kj ij ekè; osx osQ ;s nksuksa vuqØe ,d leku lhek ij igq¡pus pkfg, ge fuf'pr
:i ls fu"d"kZ fudkyrs gSa fd t = 2 ij fiaM dk osx 19.551 eh@ls vkSj 19.649 eh@ls osQ chp
gSA rduhdh :i ls ge dg ldrs gSa
fd t = 2 ij rkRdkfyd osx 19.551
eh@ls- vkSj 19.649 eh@ls- osQ chp gSA
tSlk fd Hkyh izdkj Kkr gS fd osx nwjh
osQ ifjorZu dh nj gSA vr% geus tks
fu"ikfnr  fd;k] og fuEufyf[kr gSA
¶fofo/ {k.k ij nwjh esa ifjorZu dh nj
dk vuqeku yxk;k gSA ge dgrs gSa fd
nwjh iQyu s = 4.9t2 dk t = 2 ij
vodyt 19.551 vkSj 19.649 osQ chp
esa gSA¸

bl lhek dh izfØ;k dh ,d
fodYi fof/ vko`Qfr 13.1 esa n'kkZbZ xbZ vko`Qfr 13.1
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gSA ;g chrs le; (t) vkSj pV~Vku osQ f'k[kj ls fiaM dh nwjh (s) dk vkys[k gSA tSls&tSls

le;karjkyksa osQ vuqØe h1, h2, ..., dh lhek 'kwU; dh vksj vxzlj gksrh gS oSls gh ekè; osxksa osQ

vxzlj gksus dh ogh lhek gksrh gS tks

3 31 1 2 2

1 2 3

C BC B C B, ,
AC AC AC

, ...

osQ vuqikrksa osQ vuqØe dh gksrh gS] tgk¡  C1B1 = s1 – s0 og nwjh gS tks fiaM le;karjkyksa
h1 = AC1 esa r; djrk gS] bR;kfnA vko`Qfr 13.1 ls ;g fu"d"kZ fudyuk lqfuf'pr gS fd ;g ckn

dh vuqØe oØ osQ fcanq A ij Li'kZjs[kk osQ <ky dh vksj vxzlj gksrh gSA nwljs 'kCnksa esa] t = 2
le; ij fiaM dk rkRdkfyd osx oØ s = 4.9t2 osQ t = 2 ij Li'khZ osQ <ky osQ leku gSA

13.3  lhek,¡ (Limits)

mi;qZDr foospu bl rF; dh vksj Li"Vr;k fufnZ"V djrk gS fd gesa lhek dh izfØ;k vkSj

vf/d Li"V :i ls le>us dh vko';drk gSA ge lhek dh ladYiuk ls ifjfpr gksus osQ fy,

oqQN n`"Vkarksa (illustrations) dk vè;;u djrs gSaA

iQyu  f(x) = x2 ij fopkj dhft,A voyksdu dhft, fd tSls&tSls x dks 'kwU; osQ

vf/d fudV eku nsrs gSa] f(x) dk eku Hkh 0 dh vksj vxzlj gksrk tkrk gSA (ns[ksa vko`Qfr 2-10

vè;k; 2) ge dgrs gS ( )
0

lim 0
x

f x
→

=

(bls  f (x) dh lhek 'kwU; gS] tc x 'kwU; dh vksj vxzlj gksrk gS] i<+k tkrk gS) f (x) dh lhek]

tc x 'kwU; dh vksj vxzlj gksrk gS] dks ,sls le>k tk, tSls x = 0 ij f (x) dk eku gksuk pkfg,A

O;kid :i ls tc  x → a, f (x) → l, rc l dks iQyu f (x) dh lhek dgk tkrk gS vkSj

bls bl izdkj fy[kk tkrk gS  ( )lim
x a

f x l
→

= .

iQyu g(x) = |x|, x ≠ 0 ij fopkj dhft,A è;ku nhft, fd g(0) ifjHkkf"kr ugha gSA x  osQ
0 osQ vR;f/d fudV ekuksa osQ fy, g(x) osQ eku dk ifjdyu djus osQ fy, ge ns[krs gSa fd

g(x) dk eku 0 dh vksj vxzlj djrk gSA blfy, 0
lim
x→  g(x) = 0. x ≠ 0 osQ fy,  y = |x| osQ

vkys[k ls ;g lgtrk ls Li"V gksrk gSA  (ns[ksa vko`Qfr 2-13 vè;k; 2)

fuEufyf[kr iQyu ij fopkj dhft,%  ( )
2 4 , 2

2
xh x x
x
−

= ≠
−

.

x osQ 2 osQ vR;f/d fudV ekuksa (ysfdu 2 ugha) osQ fy,  h(x) osQ eku dk ifjdyu
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dhft,A vki Lo;a dks Lohdkj djkb, fd lHkh eku
4 osQ fudV gSaA ;gk¡ (vko`Qfr 13-2) esa fn, iQyu
y = h(x) osQ vkys[k ij fopkj djus ls bldks fdafpr
cy feyrk gSA

bu lHkh n`"Vkarksa ls ,d fn, eku x = a ij iQyu
osQ tks eku xzg.k dj us pkfg, os okLro esa bl ij
vk/kfjr ugha gSa fd x oSQls a dh vksj vxzlj gksrk gSA
è;ku nhft, fd x osQ la[;k a dh vksj vxzlj gksus
osQ fy, ;k rks ckb± vksj ;k nkb± vksj gS] vFkkZr~ x osQ
fudV lHkh eku ;k rks a ls de gks ldrs gSa ;k a ls
vf/d gks ldrs gSaA blls LokHkkfod :i ls nks lhek,¡
& ck,¡ i{k dh lhek vkSj nk,¡ i{k dh lhek izsfjr gksrh
gSA iQyu f  osQ nk,¡ i{k dh lhek f(x) dk og eku gS
tks f(x) osQ eku ls vknsf'kr gksrk gS tc x, a osQ nkb± vksj vxzlj gksrk gSA blh izdkj ck,¡ i{k dh
lhekA blosQ n`"Vkar osQ fy,] iQyu ij fopkj dhft,

( ) 1, 0
2, 0

x
f x

x
≤⎧

= ⎨ >⎩

vko`Qfr 13.3 esa bl iQyu dk vkys[k n'kkZ;k x;k gS ;g
Li"V gS fd 0 ij  f  dk eku x ≤ 0 osQ fy,  f (x) osQ eku ls
ij fuHkZj djrk gS tks fd 1 osQ leku gS vFkkZr~ 'kwU; ij f (x) osQ

ck,¡ i{k dh lhek 0
lim ( ) 1
x

f x
→

= gSA blh izdkj 0 ij f  dk eku

x > 0 osQ fy, f (x) osQ eku ij fuHkZj djrk gS] 2 gS vFkkZr~ 0

osQ nk,¡ i{k dh lhek 0
lim ( ) 2
x

f x
+→

=  gSA bl fLFkfr esa ck,¡ vkSj

nk,¡ i{k dh lhek,¡ fHkUu&fHkUu gSa vkSj vr% ge dg ldrs gSa fd tc x 'kwU; dh vksj vxzlj
gksrk gS rc f (x) dh lhek vfLrRoghu gSA (Hkys gh iQyu 0 ij ifjHkkf"kr gSA)

lkjka'k

ge dgrs gSa fd lim
x a→ –  f(x), x = a ij f (x)  dk visf{kr (expected) eku gSa] ftlus x osQ

ckb± vksj fudV ekuksa osQ fy,  f (x) dks eku fn, gSaA bl eku dks a ij f (x) dh ck,¡ i{k
dh lhek dgrs gSaA

vko`Qfr  13.2

vko`Qfr 13.3
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ge dgrs gSa fd lim ( )
x a

f x
+→

,  x = a  ij  f (x) dk visf{kr eku gS ftlesa x osQ a osQ nkb±

vksj osQ fudV ekuksa osQ fy, f(x) osQ eku fn, gSaA bl eku dks a ij f (x) dh nk,¡ i{k dh
lhek dgrs gSaA

;fn nk,¡ vkSj ck,¡ i{k dh lhek,¡ laikrh gksa rks ge bl mHk;fu"B eku dks x = a ij  f(x)

dh lhek dgrs gSa vkSj bls lim
x a→  f(x) ls fu:fir djrs gSaA

;fn nk,¡ vkSj ck,¡ i{k dh lhek,¡ laikrh ugha gksa rks ;g dgk tkrk gS fd x = a ij f(x)
dh lhek vfLrRoghu gSA

n`"Vkar 1 (Illustration 1) iQyu  f(x) = x + 10 ij fopkj dhft,A ge x = 5 ij iQyu dh lhek
Kkr djuk pkgsaxsA vkb,] ge 5 osQ vR;ar fudV x osQ ekuksa osQ fy, f osQ eku dk ifjdyu djsaA
5 osQ vR;ar fudV ckb± vksj oqQN fcanq 4-9] 4-95] 4-994] 4-995--- bR;kfn gSaaA bu fcanqvksa ij f(x)
osQ eku uhps lkj.khc¼ gSaA blh izdkj] 5 osQ vR;ar fudV vkSj nkb± vksj okLrfod la[;k,¡ 5-001]
5-01] 5-1 Hkh gSaA bu fcanqvksa ij Hkh iQyu osQ eku lkj.kh 13-4 esa fn, gSaA

lkj.kh 13.4

lkj.kh 13.4 ls ge fuxfer djrs gSa fd f(x) dk eku 14-995 ls cM+k vkSj 15-001 ls NksVk
gS] ;g dYiuk djrs gq, fd x = 4.995 vkSj  5-001 osQ chp oqQN vizR;kf'kr ?kVuk ?kfVr u gksA
;g dYiuk djuk roZQlaxr gS fd 5 osQ ckb±  vksj dh la[;kvksa osQ fy, x = 5 ij  f (x) dk eku

15 gS vFkkZr~    ( )
–5

lim 15
x

f x
→

=

blh izdkj] tc x] 5 osQ nkb± vksj vxzlj gksrk gS] f dk eku 15 gksuk pkfg, vFkkZr~

( )
5

lim 15
x

f x
+→

=

vr% ;g laHkkO; gS fd f  osQ ck,¡ i{k dh lhek vkSj nk,¡ i{k dh lhek] nksuksa 15 osQ cjkcj
gaSA bl izdkj

( ) ( ) ( )
55 5

lim lim lim 15
xx x

f x f x f x
− + →→ →

= = =

lhek 15 osQ cjkcj gksus osQ ckjs esa ;g fu"d"kZ iQyu osQ vkys[k tks vko`Qfr 2-9(ii) vè;k; 2
esa fn;k gS] dks ns[kdj fdafpr cy nsrk gSA bl vko`Qfr esa ge è;ku nsrs gSa fd tSls&tSls x] 5

x 4.9 4.95 4.99 4.995 5.001 5.01 5.1

f(x) 14.9 14.95 14.99 14.995 15.001 15.01 15.1
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osQ ;k rks nkb± vksj ;k ckb±  vksj vxzlj gks] iQyu f (x) = x + 10 dk vkys[k fcanq (5] 15) dh
vksj vxzlj gksrk tkrk gSaA ge ns[krs gSa fd x = 5 ij Hkh iQyu dk eku 15 osQ cjkcj
gksrk gSA

n`"Vkar 2 iQyu f(x) = x3 ij fopkj dhft,A vkb, ge x = 1 ij bl iQyu dh lhek Kkr djus
dk iz;kl djsaA iwoZorhZ fLFkfr dh rjg c<+rs gq, ge x osQ 1 osQ fudV ekuksa osQ fy, f(x) osQ ekuksa
dks lkj.khc¼ djrs gSaA bls lkj.kh 13-5 esa fn;k x;k gS%

lkj.kh  13.5

bl lkj.kh ls ge fuxeu djrs gSa fd x = 1 ij  f dk eku 0.997002999 ls vf/d vkSj

1.003003001 ls de gS] ;g dYiuk djrs gq, fd x = 0.999 vkSj 1.001. osQ chp oqQN
vizR;kf'kr ?kVuk ?kfVr u gksA ;g ekuuk roZQlaxr gS fd x = 1 dk eku 1 osQ ckb± vksj dh la[;kvksa

ij fuHkZj djrk gS vFkkZr~

( )
1

lim 1
x

f x
−→

= .

blh izdkj] tc x] 1 osQ nkb± vksj vxzlj gksrk gS] rks  f dk eku 1 gksuk pkfg, vFkkZr~

( )
1

lim 1
x

f x
+→

= .

vr%] ;g laHkkO; gS fd ck,¡ i{k dh lhek vkSj nk,¡ i{k dh lhek nksuksa 1 osQ cjkcj gksaA
bl izdkj

( ) ( ) ( )
11 1

lim lim lim 1
xx x

f x f x f x
− + →→ →

= = =
.

lhek 1 osQ cjkcj gksus dk ;g fu"d"kZ iQyu osQ vkys[k tks vko`Qfr 2.11, vè;k; 2 esa fn;k
gS] dks ns[kdj fdafpr cy nsrk gSA bl vko`Qfr esa ge è;ku nsrs gSa fd tSls&tSls x] 1 osQ ;k rks
nkb± vksj ;k ckb± vksj vxzlj gks] iQyu f(x) = x3 dk vkys[k fcanq (1] 1) dh vksj vxzlj gksrk
tkrk gSA

ge iqu% voyksdu djrs gSa fd x = 1 ij iQyu dk eku Hkh 1 osQ cjkcj gSA

n`"Vkar 3 iQyu f(x) = 3x ij fopkj dhft,A vkb,] x = 2 ij bl iQyu dh lhek Kkr djus dk
iz;kl djsaA fuEufyf[kr lkj.kh 13.6 Lor% Li"V djrh gSA

x 0.9 0.99 0.999 1.001 1.01 1.1

f(x) 0.729 0.970299 0.997002999 1.003003001 1.030301 1.331
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lkj.kh 13.6

x 1.9 1.95 1.99 1.999 2.001 2.01 2.1

f(x) 5.7 5.85 5.97 5.997 6.003 6.03 6.3

iwoZor ge voyksdu djrs gSa fd  x ;k rks ck,¡ ;k nk,¡ 2 dh vksj vxzlj gksrk gS]  f(x)
dk eku 6 dh vksj vxzlj gksrk gqvk izrhr gksrk gSA ge bls] bl izdkj vfHkysf[kr dj ldrs
gSa fd

( ) ( ) ( )
22 2

lim lim lim 6
xx x

f x f x f x
− + →→ →

= = =

vko`Qfr 13-4 esa iznf'kZr bldk vkys[k bl rF; dks
cy nsrk gSA

;gk¡ iqu% ge è;ku nsrs gSa fd x = 2 ij iQyu dk eku
x = 2 ij lhek osQ laikrh gSA

n`"Vkar 4 vpj iQyu f(x) = 3 ij fopkj dhft,A vkb, ge
x = 2 ij bldh lhek Kkr djus dk iz;kl djsaA ;g iQyu
vpj iQyu gksus ds dkj.k loZ=k ,d gh eku (bl fLFkfr
esa 3) izkIr djrk gS vFkkZr~ 2 osQ vR;ar fudV fcanqvksa osQ
fy, bldk eku 3 gSA vr%

( ) ( ) ( )
2 22

lim lim lim 3
x xx

f x f x f x
+→ →→

= = =

f(x) = 3 dk vkys[k gj gkyr esa (0] 3) ls tkus okyh x-v{k osQ lekarj js[kk gS vkSj
vko`Qfr 2.9, vè;k; 2 esa n'kkZ;k x;k gSA blls ;g Hkh Li"V gS fd vHkh"V lhek 3 gS rF;r% ;g

ljyrk ls voyksfdr gksrk gS fd fdlh okLrfod la[;k a osQ fy, ( )lim 3
x a

f x
→

=

n`"Vkar 5 iQyu  f(x) = x2 + x ij fopkj dhft,A ge ( )
1

lim
x

f x
→

Kkr djuk pkgrs gSaA ge

x = 1 osQ fudV f(x) osQ eku lkj.kh 13.7 esa lkj.khc¼ djrs gSa%

lkj.kh 13.7

x 0.9 0.99 0.999 1.01 1.1 1.2

f(x) 1.71 1.9701 1.997001 2.0301 2.31 2.64

vko`Qfr  13.4
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blls ;g roZQlaxr fuxfer gksrk gS fd

( ) ( ) ( )
11 1

lim lim lim 2
xx x

f x f x f x
− + →→ →

= = = .

vko`Qfr 13-5 esa n'kkZ, f(x) = x2 + x  osQ
vkys[k ls ;g Li"V gS fd tSls&tSls x, 1  dh
vksj vxzlj gksrk gS] vkys[k (1] 2) dh vksj
vxzlj gksrk tkrk gSA

vr% ge iqu% izs{k.k djrs gSa fd

1
lim
x→  f (x) = f (1)

vc] fuEufyf[kr rhu rF;ksa dks vki
Lo;a dks Lohdkj djk,¡

2

1 1 1
lim 1, lim 1 lim 1 2
x x x

x x x
→ → →

= = + =vkSj

rc
2 2

1 1 1
lim lim 1 1 2 lim
x x x

x x x x
→ → →

⎡ ⎤+ = + = = +⎣ ⎦ .

rFkk ( ) ( ) 2

1 1 1 1
lim . lim 1 1.2 2 lim 1 lim
x x x x

x x x x x x
→ → → →

⎡ ⎤⎡ ⎤+ = = = + = +⎣ ⎦ ⎣ ⎦ .

n`"Vkar 6 iQyu f(x) = sin x ij fopkj dhft,A gekjh 
2

lim sin
x

x
π

→
 esa #fp gS tgk¡ dks.k jsfM;u esa

ekik x;k gSA ;gk¡] geus 2
π

 osQ fudV f(x) osQ ekuksa (fudVre) dks lkj.khc¼ fd;k gSA

lkj.kh 13.8

x 0.1
2
π
− 0.01

2
π
− 0.01

2
π
+ 0.1

2
π
+

f(x) 0.9950 0.9999 0.9999 0.9950

blls ge fuxeu dj ldrs gSa fd
( ) ( ) ( )

22 2

lim lim lim 1
xx x

f x f x f x
− + ππ π →→ →

= = =

blosQ vfrfjDr] ;g  f(x) = sin x osQ vkys[k ls iq"V gksrk gS tks vko`Qfr 3.8 vè;k; 3

esa fn;k gSA bl fLFkfr esa Hkh ge ns[krs gSa fd 
2

lim
x π
→

 sin x = 1.

vko`Qfr 13.5
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n`"Vkar 7 iQyu  f(x) = x + cos x ij fopkj dhft,A ge 
0

lim
x→

f (x) Kkr djuk pkgrs gaSA

;gk¡ geus 0 osQ fudV f(x) osQ eku (fudVre) lkj.khc¼ fd, gSa% (lkj.kh 13.9).

lkj.kh 13.9

lkj.kh 13.9, ls ge fuxeu dj ldrs gSa fd

( ) ( ) ( )
00 0

lim lim lim 1
xx x

f x f x f x
− + →→ →

= = =

bl fLFkfr esa Hkh ge izs{k.k djrs gSa fd 
0

lim
x→

f (x) = f (0) = 1.

vc] D;k vki Lo;a dks Lohdkj djk ldrs gSa fd

[ ]
0 0 0

lim cos lim lim cos
x x x

x x x x
→ → →

+ = + okLro esa lR; gS?

n`"Vkar 8 0x >  osQ fy,] iQyu ( ) 2
1f x
x

=  ij fopkj dhft,A ge 
0

lim
x→

f (x) Kkr djuk

pkgrs gSaA

;gk¡] ge voyksdu djrs gSa fd iQyu dk izkar lHkh /ukRed okLrfod la[;k,¡ gSaA vr%

tc ge f(x) osQ eku lkj.khc¼ djrs gSa] x 'kwU; osQ ckb± vksj vxzlj gksrk gS] dk dksbZ vFkZ ugha

gSA uhps ge 0 osQ fudV x osQ /ukRed ekuksa osQ fy, iQyu osQ ekuksa dks lkj.khc¼ djrs gSaa (bl

lkj.kh esa n fdlh /u iw.kk±d dks fu:fir djrk gSA

uhps nh xbZ lkj.kh 13-10 ls] ge ns[krs gSa fd tc x, 0 dh vksj vxzlj gksrk gS] f(x) cM+k
vkSj cM+k gksrk tkrk gSA ;gk¡ bldk vFkZ gS fd] f(x) dk eku fdlh nh la[;k ls Hkh cM+k fd;k

tk ldrk gSA
lkj.kh 13.10

x 1 0.1 0.01 10–n

f(x) 1 100 10000 102n

xf.krh; :i ls] ge dg ldrs gSa ( )
0

lim
x

f x
→

= +∞

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) 0.9850 0.98995 0.9989995 1.0009995 1.00995 1.0950
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ge fVIi.kh Hkh djrs gSa fd bl ikB~;Øe esa ge bl izdkj dh lhekvksa dh ppkZ ugha djsaxsA

n`"Vkar 9 ge ( )
0

lim
x

f x
→

, Kkr djuk pkgrs gSa] tgk¡

( )
2, 0

0 , 0
2, 0

x x
f x x

x x

− <⎧
⎪= =⎨
⎪ + >⎩

igys dh rjg ge 0 osQ fudV x osQ fy,  f(x) dh lkj.kh cukrs gSaA izs{k.k djrs gSa fd x osQ
½.kkRed ekuksa osQ fy, gesa x – 2 dk eku fudkyus dh vko';drk gS vkSj x osQ /ukRed ekuksa
osQ fy, x + 2 dk eku fudkyus dh vko';drk gksrh gSA

lkj.kh 13.11

lkj.kh 13-11 dh izFke rhu izfof"V;ksa ls] ge fuxeu djrs gSa fd iQyu dk eku –2 rd
?kV jgk gS vkSj

( )
0

lim 2
x

f x
−→

= −

lkj.kh dh vafre rhu izfof"V;ksa ls] ge fuxeu djrs gSa fd
iQyu dk eku 2 rd c<+ jgk gS vkSj vr%

( )
0

lim 2
x

f x
+→

=

D;ksafd 0 ij ck,¡ vkSj nk,¡ i{kksa dh lhek,¡ laikrh ugha gSa]
ge dgrs gSa fd 0 ij iQyu dh lhek vfLrRoghu gSA

bl iQyu dk vkys[k vko`Qfr 13.6 esa fn;k gS ;gk¡] ge
fVIi.kh djrs gSa fd x = 0 ij iQyu dk eku iw.kZr% ifjHkkf"kr gS
vkSj] okLro esa] 0 osQ cjkcj gS] ijarq x = 0 ij iQyu dh lhek
ifjHkkf"kr Hkh ugha gSA

n`"Vkar 10 ,d vafre n`"Vkar osQ :i esa] ge ( )
1

lim
x

f x
→

, Kkr djrs gSa tcfd

( ) 2 1
0 1

x x
f x

x
+ ≠⎧

= ⎨ =⎩

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) – 2.1 – 2.01 – 2.001 2.001 2.01 2.1

vko`Qfr 13.6
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lkj.kh 13.12

x 0.9 0.99 0.999 1.001 1.01 1.1

f(x) 2.9 2.99 2.999 3.001 3.01 3.1

igys dh rjg] 1 osQ fudV x osQ fy, ge  f(x) osQ ekuksa dks lkj.khc¼ djrs gSaA 1 ls de
x osQ fy,  f(x) esa ekuksa ls] ;g izrhr gksrk gS fd x = 1 ij iQyu dk eku 3 gksuk pkfg, vFkkZr~

( )
1

lim 3
x

f x
−→

=

blh izdkj] 1 ls cM+s x osQ fy,  f(x) osQ ekuksa ls vknsf'kr f(x) dk eku 3 gksuk pkfg,]
vFkkZr~

( )
1

lim 3
x

f x
+→

= .

ijarq rc ck,¡ vkSj nk,¡ i{kksa dh lhek,¡ laikrh gSa vkSj
vr%

        ( ) ( ) ( )
11 1

lim lim lim 3
xx x

f x f x f x
− + →→ →

= = = .

vko`Qfr 13.7 esa iQyu dk vkys[k lhek osQ ckjs esa
gekjs fuxeu dks cy nsrk gSA ;gk¡] ge è;ku nsrs gaS fd
O;kid :i ls] ,d fn, fcanq ij iQyu dk eku vkSj bldh
lhek fHkUu&fHkUu gks ldrs gSa (Hkys gh nksuksa ifjHkkf"kr gksaA)

13.3.1  lhekvksa dk chtxf.kr (Algebra of limits) mi;qZDr n`"Vkarksa ls] ge voyksdu dj
pqosQ gSa fd lhek izfØ;k ;ksx] O;odyu] xq.kk vkSj Hkkx dk ikyu djrh gS tc rd fd
fopkjk/hu iQyu vkSj lhek,¡ lqifjHkkf"kr gSaA ;g la;ksx ugha gSA okLro esa] ge budks fcuk miifÙk
osQ izes; osQ :i esa vkSipkfjd :i nsrs gSaA

izes; 1 eku yhft, fd f  vkSj g nks iQyu ,sls gSa fd lim
x a→

 f (x) vkSj lim
x a→

 g(x) nksuksa  dk  vfLrRo

gSA rc

  (i) nks iQyuksa osQ ;ksx dh lhek iQyuksa dh lhekvksa dk ;ksx gksrk gS] vFkkZr~

lim
x a→

[f(x) + g (x)] =  lim
x a→

 f(x) +  lim
x a→

 g(x).

vko`Qfr 13.7
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 (ii) nks iQyuksa osQ varj dh lhek iQyuksa dh lhekvksa dk varj gksrk gS] vFkkZr~

lim
x a→

[f(x) – g(x)] =  lim
x a→

 f(x) –  lim
x a→

 g(x).

(iii) nks iQyuksa osQ xq.ku dh lhek iQyuksa dh lhekvksa dk xq.ku gksrk gS] vFkkZr~

lim
x a→

 [f(x) . g(x)] =  lim
x a→

 f(x).  lim
x a→

 g(x).

(iv) nks iQyuksa osQ HkkxiQy dh lhek iQyuksa dh lhekvksa dk HkkxiQy gksrk gS] (tcfd gj 'kwU;srj
gksrk gS)] vFkkZr~

( )
( )

( )
( )

lim
lim

lim
x a

x a
x a

f xf x
g x g x

→

→
→

=

fVIi.kh  fo'ks"k :i ls fLFkfr (iii) dh ,d fof'k"V fLFkfr esa tc g(x) ,d ,slk vpj iQyu gS
fd fdlh okLrfod la[;k λ osQ fy, g(x) = λ   ge ikrs gSa

( ) ( ) ( )lim . .lim
x a x a

f x f x
→ →

⎡ ⎤λ = λ⎣ ⎦ .

vxys nks vuqPNsnksa esa] ge n`"Vkar nsaxs fd bl izes; dks fof'k"V izdkj osQ iQyuksa dh lhekvksa
osQ eku izkIr djus esa oSQls iz;ksx fd;k tkrk gSA

13.3.2  cgqinksa vkSj ifjes; iQyuksa dh lhek,¡ (Limits of polynomials and rational
functions) ,d iQyu f(x) cgqinh; iQyu dgykrk gS] ;fn f(x) 'kwU; iQyu gS ;k ;fn
f(x) = a0 + a1x + a2x2 +. . . + anxn, tgk¡  ais ,slh okLrfod la[;k,¡ gSa fd fdlh izko`Qr la[;k
n osQ fy, an ≠ 0

ge tkurs gSa fd lim
x a→

x = a.  vr%

( )2 2lim lim . lim .lim .
x a x a x a x a

x x x x x a a a
→ → → →

= = = =

n ij vkxeu dk ljy vH;kl gedks crkrk gS fd

lim n n

x a
x a

→
=

vc] eku yhft, ( ) 2
0 1 2 ... n

nf x a a x a x a x= + + + +  ,d cgqinh; iQyu gSA

2
0 1 2, , ,..., n

na a x a x a x  izR;sd dks ,d iQyu tSlk fopkjrs gq,] ge ikrs gSa fd

( )lim
x a

f x
→

= 2
0 1 2lim ... n

nx a
a a x a x a x

→
⎡ ⎤+ + + +⎣ ⎦
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= 
2

0 1 2lim lim lim ... lim n
nx a x a x a x a

a a x a x a x
→ → → →

+ + + +

= 
2

0 1 2lim lim ... lim n
nx a x a x a

a a x a x a x
→ → →

+ + + +

= 2
0 1 2 ... n

na a a a a a a+ + + +

= ( )f a

(lqfuf'pr djsa fd vkius mi;qZDr esa izR;sd pj.k dk vkSfpR; le> fy;k gSA)

,d iQyu  f  ,d ifjes; iQyu dgykrk gS ;fn f(x) = 
( )
( )

g x
h x , tgk¡ g(x) vkSj h(x) ,sls

cgqin gSa fd h(x) ≠ 0. rks

( ) ( )
( )

( )
( )

( )
( )

lim
lim lim

lim
x a

x a x a
x a

g xg x g a
f x

h x h x h a
→

→ →
→

= = =

;|fi] ;fn h(a) = 0, nks fLFkfr;k¡ gSa – (i) tc g(a) ≠ 0 vkSj (ii) tc  g(a) = 0. iwoZ dh
fLFkfr esa ge dgrs gSa fd lhek dk vfLrRo ugha gSA ckn dh fLFkfr esa ge

g(x) = (x – a)k g1 (x), tgk¡ k, g(x) esa (x – a) dh egÙke ?kkr gSA blh izdkj
h(x) = (x – a) lh1 (x) D;ksafd h (a) = 0. vc] ;fn k > l, ge ikrs gSa

( )lim
x a

f x
→

 =
( )
( )

( ) ( )
( ) ( )

1

1

lim lim

lim lim

k

x a x a
l

x a x a

g x x a g x

h x x a h x
→ →

→ →

−
=

−

=
( )( ) ( )

( )
( )
( )

1 1

1 1

lim 0.
0

lim

k l

x a

x a

x a g x g a
h x h a

−

→

→

−
= =

;fn k < l, rks lhek ifjHkkf"kr ugha gSA
mnkgj.k 1 lhek,¡ Kkr dhft,%

(i) 3 2

1
lim 1
x

x x
→
⎡ ⎤− +⎣ ⎦ (ii) ( )

3
lim 1
x

x x
→
⎡ ⎤+⎣ ⎦

(iii) 2 10

1
lim 1 ...
x

x x x
→−

⎡ ⎤+ + + +⎣ ⎦ .
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gy  vHkh"V lHkh lhek,¡ oqQN cgqinh; iQyuksa dh lhek,¡ gSaA vr% lhek,¡ iznÙk fcanqvksa ij iQyuksa
osQ eku gSaA ge ikrs gSa

(i) 1
lim
x→  [x3 – x2 + 1] = 13 – 12 + 1 = 1

(ii) ( ) ( ) ( )
3

lim 1 3 3 1 3 4 12
x

x x
→
⎡ ⎤+ = + = =⎣ ⎦

(iii) 2 10

1
lim 1 ...
x

x x x
→−

⎡ ⎤+ + + +⎣ ⎦  = 1 + (–1) + (–1)2 + ... + (–1)10

= 1 – 1 + 1 + ... + 1 = 1.
mnkgj.k 2 lhek,¡ Kkr dhft,%

(i)
2

1

1lim
100x

x
x→

⎡ ⎤+
⎢ ⎥+⎣ ⎦

(ii)
3 2

22

4 4lim
4x

x x x
x→

⎡ ⎤− +
⎢ ⎥

−⎣ ⎦

(iii)
2

3 22

4lim
4 4x

x
x x x→

⎡ ⎤−
⎢ ⎥

− +⎣ ⎦
(iv)

3 2

22

2lim
5 6x

x x
x x→

⎡ ⎤−
⎢ ⎥

− +⎣ ⎦

(v) 2 3 21

2 1lim
3 2x

x
x x x x x→

−⎡ ⎤−⎢ ⎥− − +⎣ ⎦
.

gy lHkh fopkjk/hu iQyu ifjes; iQyu gSaA vr%] ge igys iznÙk fcanqvksa ij bu iQyuksa osQ eku

izkIr djrs gSaA ;fn ;g 
0
0 , osQ :i dk gS] ge xq.ku[kaMksa] tks lhek osQ 

0
0  dk :i gksus dk dkj.k

gS] dks fujLr djrs gq, iQyuksa dks iqu% fy[krs gSaA

(i) ge ikrs gSa 
2 2

1

1 1 1 2lim
100 1 100 101x

x
x→

+ +
= =

+ +

(ii) 2 ij iQyu dk eku izkIr djus ij ge bls  
0
0  dk :i esa ikrs gSaA vr%

3 2

22

4 4lim
4x

x x x
x→

− +
−

 =
( )

( )( )

2

2

2
lim

2 2x

x x
x x→

−
+ −  = 

( )
( )2

2
lim

2x

x x
x→

−
+  D;ksafd x ≠ 2

=
( )2 2 2 0 0
2 2 4
−

= =
+

.
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(iii) 2 ij iQyu dk eku izkIr djus ij] ge bls 
0
0

 osQ :i esa ikrs gSa] vr%

2

3 22

4lim
4 4x

x
x x x→

−
− +

 =
( )( )

( )22

2 2
lim

2x

x x

x x→

+ −

−

=
( )
( ) ( )2

2 2 2 4lim
2 2 2 2 0x x x

x
→

+ +
= =

− −

tksfd ifjHkkf"kr ugha gSA

(iv) 2 ij iQyu dk eku izkIr djus ij] ge bls  
0
0

 osQ :i esa ikrs gSA vr%

3 2

22

2lim
5 6x

x x
x x→

−
− +

 =
( )

( )( )

2

2

2
lim

2 3x

x
x x

x
→

−
− −

= ( )
( )22

2

2 4lim 4
3 2 3 1x

x
x→

= = = −
− − − .

(v) igys ge iQyu dks ifjes; iQyu tSlk iqu% fy[krs gaSA

2 3 2
2 1

3 2
x
x x x x x
−⎡ ⎤−⎢ ⎥− − +⎣ ⎦

 = ( ) ( )2

2 1
1 3 2

x
x x x x x

⎡ ⎤−⎢ ⎥−
⎢ ⎥− − +⎣ ⎦

= ( ) ( )( )
2 1
1 1 2

x
x x x x x

⎡ ⎤−
−⎢ ⎥

− − −⎢ ⎥⎣ ⎦

= ( )( )
2 4 4 1

1 2
x x
x x x

⎡ ⎤− + −
⎢ ⎥

− −⎢ ⎥⎣ ⎦

= ( )( )
2 4 3

1 2
x x

x x x
− +
− −
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1 ij iQyu dk eku izkIr djus ij ge 
0
0

 dk :i ikrs gSaA vr%

2

2 3 21

2 1lim
3 2x

x
x x x x x→

⎡ ⎤−
−⎢ ⎥

− − +⎣ ⎦
= ( )( )

2

1

4 3lim
1 2x

x x
x x x→

− +
− −

=
( )( )
( )( )1

3 1
lim

1 2x

x x
x x x→

− −
− −

= ( )1

3lim
2x x x

x
→

−
−  = ( )

1 3
1 1 2

−
−  = 2.

ge fVIi.kh djrs gSa fd mi;qZDr eku izkIr djus esa geus in (x – 1) dks fujLr fd;k D;ksafd 1x ≠ .

,d egRoiw.kZ lhek dk eku izkIr djuk] tks fd vkxs ifj.kkeksa esa iz;qDr gksxh] uhps ,d izes;
osQ :i esa izLrqr gSA
izes; 2 fdlh /u iw.kk±d n osQ fy,]

1lim
n n

n

x a

x a na
x a

−

→

−
=

−
.

fVIi.kh  mi;qZDr izes; esa lhek gsrq O;atd lR; gS tcfd n dksbZ ifjes; la[;k gS vkSj
a /ukRed gSA

miifÙk (xn – an) dks (x – a), ls Hkkx nsus ij] ge ns[krs gSa fd

xn – an = (x–a) (xn–1 + xn–2 a + xn–3 a2 + ... + x an–2 + an–1)

bl izdkj lim lim
n n

x a x a

x a
x a→ →

−
=

−
(xn–1 + xn–2 a + xn–3 a2 + ... + x an–2 + an–1)

= an – l + a an–2 +. . . + an–2 (a) +an–l

= an–1 + an – 1 +...+an–1 + an–1 (n in)

= 1nna −

mnkgj.k 3 eku Kkr dhft,

(i)  
15

101

1lim
1x

x
x→

−
−

(ii) 
0

1 1lim
x

x
x→

+ −
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gy  (i) gekjs ikl gS

15

101

1lim
1x

x
x→

−
−

=
15 10

1

1 1lim
1 1x

x x
x x→

⎡ ⎤− −
÷⎢ ⎥− −⎣ ⎦

=
15 10

1 1

1 1lim lim
1 1x x

x x
x x→ →

⎡ ⎤ ⎡ ⎤− −
÷⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

= 15 (1)14 ÷ 10(1)9   (mi;qZDr izes; ls)

= 15 ÷ 10
3
2

=

(ii) y = 1 + x, ftlls 1y →  tSls 0.x →  rc

0

1 1lim
x

x
x→

+ −
 =

1

1
lim

–1y

y
y→

−

=

1 1
2 2

1

1lim
1y

y
y→

−
−

=
1 1
21 (1)

2
−

 (mi;qZDr fVIi.kh ls)  = 
1
2

13.4.  f=kdks.kferh; iQyuksa dh lhek,¡ (Limits of Trigonometric Functions)
O;kid :i ls] iQyuksa osQ ckjs esa fuEufyf[kr rF; (izes;ksa osQ :i esa dgs x,) oqQN f=kdks.kferh;
iQyuksa dh lhekvksa dk ifjdyu djus esa lqyHk gks
tkrs gSaA

izes; 3 eku yhft, leku izkar okys nks okLrfod
ekuh; iQyu  f  vkSj g ,sls gSa fd ifjHkk"kk osQ izkar esa
lHkh x osQ fy, f (x) ≤ g( x) fdlh a osQ fy, ;fn

lim
x a→  f(x) vkSj lim

x a→  g(x) nksuksa dk vfLrRo gS rks

lim
x a→  f(x) ≤ lim

x a→  g(x) bls vko`Qfr 13.8 esa fp=k ls

Li"V fd;k x;k gSA vko`Qfr 13.8
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izes; 4 lSaMfop izes; (Sandwich Theorem) eku yhft,  f, g vkSj h okLrfod ekuh; iQyu
,sls gSa fd ifjHkk"kk osQ loZfu"B izkarksa osQ lHkh x
osQ fy, f (x) ≤ g( x) ≤ h(x). fdlh okLrfod

la[;k a osQ fy, ;fn lim
x a→   f(x) = l

= lim
x a→  h(x), r k s   lim

x a→
 g(x) = l. bl s

vko`Qfr 13.9 esa fp=k ls Li"V fd;k x;k gSA
f=kdks.kferh; iQyuksa ls lacaf/r fuEufyf[kr

egRoiw.kZ vlfedk dh ,d lqanj T;kferh;
miifÙk uhps izLrqr gS%

π0
2

x< <  osQ fy,  
sincos 1xx

x
< <  (*)

miifÙk  ge tkurs gSa fd sin (– x) =  – sin x vkSj cos( – x) = cos x. vr% 
π0
2

x< <  osQ fy,

vlfedk dks fl¼ djus osQ fy, ;g i;kZIr gSA
vko`Qfr 13.10, esa ,sls bdkbZ o`Ùk dk osQanz O gSA dks.k AOC,

x jsfM;u dk gS vkSj 0 < x < 
π
2

 A js[kk[kaM BA vkSj CD, OA osQ yacor

gaSA blosQ vfrfjDr AC dks feyk;k x;k gSA rc
ΔOAC dk {ks=kiQy <  o`Ùk[kaM OAC {ks=kiQy < ΔOAB dk {ks=kiQy

vFkkZr~ 21 1OA.CD .π.(OA) OA.AB
2 2π 2

x
< < .

vFkkZr~ CD < x . OA < AB. Δ OCD esa

sin x =
CD
OA

(pw¡fd OC = OA) vkSj vr% CD = OA sin x. blds vfrfjDr

tan x =
AB
OA

vkSj vr%  AB = OA tan x. bl izdkj

OA sin x < OA x < OA. tan x.
D;ksafd yackbZ OA /ukRed gS] ge ikrs gSa

sin x < x < tan x.

vko`Qfr 13.9

vko`Qfr 13.10
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D;ksafd 0 < x <
π
2

, sin x /ukRed gS vkSj bl izdkj sin x, ls lHkh dks Hkkx nsus ij] ge ikrs gSa

1<
1

sin cos
x

x x
<  lHkh dk O;qRØe djus ij] ge ikrs gSa

sincos 1xx
x

< <  miifÙk iw.kZ gqbZA

izes; 5 fuEufyf[kr nks egRoiw.kZ lhek,¡ gSa%

(i)
0

sinlim 1
x

x
x→

= (ii)
0

1 coslim 0
x

x
x→

−
=

miifÙk (i) (*) esa vlfedk (Inequality) osQ vuqlkj iQyu sin x
x

, iQyu cos x vkSj vpj iQyu

ftldk eku 1 gks tkrk gS] osQ chp esa fLFkr gSA

blosQ vfrfjDr D;ksafd 0
lim
x→  cos x = 1, ge ns[krs gSa fd izes; osQ (i) dh miifÙk lSaMfop

izes; ls iw.kZ gSA

(ii) dks fl¼ djus osQ fy,] ge f=kdks.kfefr loZlfedk 1 – cos x = 2 sin2
2
x⎛ ⎞

⎜ ⎟
⎝ ⎠

dk iz;ksx djrs

gSa] rc
0

1 coslim
x

x
x→

−
 =

2

0 0

2sin sin
2 2lim lim .sin

2
2

x x

x x
x

xx→ →

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎛ ⎞⎝ ⎠ ⎝ ⎠= ⎜ ⎟

⎝ ⎠

=
0 0

sin
2lim .limsin 1.0 0

2
2

x x

x
x

x→ →

⎛ ⎞
⎜ ⎟ ⎛ ⎞⎝ ⎠ = =⎜ ⎟

⎝ ⎠

voyksdu dhft, fd geus vLi"V :i ls bl rF; dk iz;ksx fd;k gS fd 0x →  , 0
2
x
→  osQ

rqY; gSA bldks y = 
2
x

j[kdj izekf.kr fd;k tk ldrk gSA
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mnkgj.k 4 eku Kkr dhft,%  (i) 
0

sin 4lim
sin 2x

x
x→

(ii) 
0

tanlim
x

x
x→

gy  (i)
0

sin 4lim
sin 2x

x
x→

 =
0

sin 4 2lim . .2
4 sin 2x

x x
x x→

⎡ ⎤
⎢ ⎥⎣ ⎦

=
0

sin 4 sin 22.lim
4 2x

x x
x x→

⎡ ⎤ ⎡ ⎤÷⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

=
4 0 2 0

sin 4 sin 22. lim lim
4 2x x

x x
x x→ →

⎡ ⎤ ⎡ ⎤÷⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= 2.1.1 = 2 (tc x → 0, 4x → 0 rFkk 2x → 0)

gekjs ikl gS  (ii)
0

tanlim
x

x
x→

 = 
0

sinlim
cosx

x
x x→

 = 
0 0

sin 1lim . lim
cosx x

x
x x→ →

 = 1.1 = 1

,d lkekU; fu;e] ftldks lhekvksa dk eku fudkyrs le; è;ku esa j[kus dh vko';drk
gS] fuEufyf[kr gS%

ekuk fd lhek  
( )
( )

lim
x a

f x
g x→  dk vfLrRo gS vkSj ge bldk eku Kkr djuk pkgrs gSaA igys

ge f (a)  vkSj g(a) osQ ekuksa dks tk¡psaA ;fn nksuksa 'kwU; gSa] rks ge ns[krs gSa fd ;fn ge ml xq.ku[kaM

dks izkIr dj ldrs gS a tks in lekIr gksus dk dkj.k gS] vFkkZr~ ns[ks a ;fn ge

f(x) = f1 (x) f2(x) fy[k ldsa ftlls f1 (a) = 0 vkSj f2 (a) ≠ 0 A blh izdkj g(x) = g1 (x)

g2(x),fy[krs gSa tgk¡   g1(a) = 0 vkSj g2(a) ≠ 0. f(x) vkSj g(x) esa ls mHk;fu"B xq.ku[kaM (;fn

laHko gS) rks fujLr dj nsrs gSa vkSj

( )
( )

( )
( )

f x p x
g x q x

= , tgk¡ q(x) ≠ 0    fy[krs gSa ]

rc
( )
( )

( )
( )

lim
x a

f x p a
g x q a→

=



  lhek vkSj vodyt           319

iz'ukoyh 13.1

iz'u 1 ls 22 rd fuEufyf[kr lhekvksa osQ eku izkIr dhft,%

1. 3
lim 3
x

x
→

+ 2.
π

22lim
7x

x
→

⎛ ⎞−⎜ ⎟
⎝ ⎠

3. 2

1
limπ
r

r
→

4.
4

4 3lim
2x

x
x→

+
−

5.
10 5

1

1lim
1x

x x
x→ −

+ +
−

6. ( )5
0

1 1
lim
x

x
x→

+ −

7.  
2

22

3 10lim
4x

x x
x→

− −
−

8.
4

23

81lim
2 5 3x x x

x
→

−
− −

9.
0

lim
1x

ax b
cx→

+
+

10. 

1
3

11
6

1lim
1

z

z

z
→

−

−
11.

2

21
lim , 0
x

ax bx c a b c
cx bx a→

+ +
+ + ≠

+ +

12. 
2

1 1
2lim

x 2
x
x→−

+

+
13.

0

sinlim
x

ax
bx→

14.  
0

sinlim , , 0
sinx

ax a b
bx→

≠

15. 
( )
( )π

sin π
lim

π πx

x
x→

−
− 16.

0

coslim
πx

x
x→ −

17.
0

cos2 1lim
cos 1x

x
x→

−
−

18. 
0

coslim
sinx

ax x x
b x→

+
19. 0

lim sec
x

x x
→

20.  
0

sinlim , , , 0
sinx

ax bx a b a b
ax bx→

+
+ ≠

+
,

21. 0
lim (cosec cot )
x

x x
→

− 22.  π
2

tan 2lim π
2

x

x

x→ −

23.  ( )
0

lim
x

f x
→

 vkSj ( )
1

lim
x

f x
→

, Kkr dhft,] tgk¡ ( ) ( )
2 3, 0

3 1 , 0
x x

f x
x x
+ ≤⎧

= ⎨ + >⎩
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24.  ( )
1

lim
x

f x
→

, Kkr dhft,] tgk¡ ( )
2

2

1, 1

1, 1

x x
f x

x x

⎧ − ≤⎪= ⎨
− − >⎪⎩

25.  ( )
0

lim
x

f x
→

, dk eku izkIr dhft,] tgk¡ ( )
| | , 0

0, 0

x x
f x x

x

⎧ ≠⎪= ⎨
⎪ =⎩

26.  ( )
0

lim
x

f x
→

, Kkr dhft,] tgk¡ ( )
, 0

| |
0, 0

x x
xf x

x

⎧ ≠⎪= ⎨
⎪ =⎩

27.  ( )
5

lim
x

f x
→

, Kkr dhft,] tgk¡ ( ) | | 5f x x= −

28.  eku yhft, ( )
, 1

4, 1
, 1

a bx x
f x x

b ax x

+ <⎧
⎪= =⎨
⎪ − >⎩

vkSj ;fn 
1

lim
x→

f (x) = f (1) rks  a vkSj b osQ laHko eku D;k gSa?

29. eku yhft, a1, a2, . . ., an vpj okLrfod la[;k, ¡ g S vk Sj ,d iQyu

( ) ( ) ( ) ( )1 2 ... nf x x a x a x a= − − −  ls ifjHkkf"kr gSA 
1

lim
x a→

 f (x) D;k gS?

fdlh  a ≠ a1, a2, ..., an, osQ fy, lim
x a→

 f (x) dk ifjdyu dhft,A

30. ;fn ( )
1, 0

0, 0
1, 0

x x
f x x

x x

⎧ + <
⎪= =⎨
⎪ − >⎩

.

rks a osQ fdu ekuksa osQ fy, lim
x a→ f (x) dk vfLrRo gS?

31. ;fn iQyu  f(x), 
( )

21

2
lim π

1x

f x
x→

−
=

−
, dks larq"V djrk gS] rks ( )

1
lim
x

f x
→

dk eku izkIr

dhft,A
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32. fdu iw.kk±dksa m vkSj n osQ fy, ( )
0

lim
x

f x
→

vkSj ( )
1

lim
x

f x
→

nksuksa dk vfLrRo gS] ;fn

( )
2

3

, 0
, 0 1

, 1

mx n x
f x nx m x

nx m x

⎧ + <
⎪

= + ≤ ≤⎨
⎪ + >⎩

13.5  vodyt (Derivatives)
ge vuqPNsn 13.2, esa ns[k pqosQ gSa fd fofo/ le;karjkyksa ij fiaM dh fLFkfr dks tkudj ml nj
dks Kkr djuk laHko gS ftlls fiaM dh fLFkfr ifjofrZr gks jgh gSA le; osQ fofo/ {k.kksa ij ,d
fuf'pr izkpy (parameter) dk tkuuk vkSj ml nj dks Kkr djus dk iz;kl djuk ftlls blesa
ifjorZu gks jgk gS] vR;ar O;kid #fp dk fo"k; gSA okLrfod thou dh vusd fLFkfr;k¡ gksrh gSa
ftuesa ,slh izfØ;k dk;kZfUor djus dh vko';drk gksrh gSA mnkgj.kr% ,d Vadh osQ j[k&j[kko
djus okys O;fDr osQ fy, le; osQ vusd {k.kksa ij ikuh dh xgjkbZ tkudj ;g tkuuk vko';d
gksrk gS fd Vadh dc Nydus yxsxh] fofo/ le;ksa ij jkosQV dh Å¡pkbZ tkudj jkosQV oSKkfudksa
dks ml ;FkkFkZ osx osQ ifjdyu dh vko';drk gksrh gS ftlls mixzg dk jkosQV ls iz{ksi.k
vko';d gksA foÙkh; laLFkkuksa dks fdlh fo'ks"k LVkd osQ orZeku ewY; tkudj blosQ ewY;ksa esa
ifjorZu dh Hkfo";ok.kh djuh vko';d gksrh gSA buesa vkSj ,slh vusd vU; fLFkfr;ksa esa ;g tkuuk
vHkh"V gksrk gS fd ,d izkpy esa nwljs fdlh izkpy osQ lkis{k ifjorZu fdl izdkj gksrk gS\ ifjHkk"kk
osQ izkar osQ iznÙk fcanq ij iQyu dk vodyt bl fo"k; dk eq[; mís'; gSA

ifjHkk"kk 1  eku yhft, f ,d okLrfod ekuh; iQyu gS vkSj bldh ifjHkk"kk osQ izkar esa ,d fcanq
a gSA a ij f  dk vodyt

( ) ( )
0

lim
h

f a h f a
h→

+ −

ls ifjHkkf"kr gS c'krsZ fd bl lhek dk vfLrRo gksA a ij f(x) dk vodyt  f ’ (a) ls fu:fir
gksrk gSA

voyksdu dhft, fd  f′ (a), a  ij x osQ lkis{k ifjorZu dk ifjek.k crkrk gSA

mnkgj.k 5 x = 2 ij iQyu  f(x) = 3x dk vodyt Kkr dhft,A

gy  ge ikrs gSa ( )' 2f  = 
( ) ( )

0

2 2
lim
h

f h f
h→

+ −
= 

( ) ( )
0

3 2 3 2
lim
h

h
h→

+ −
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= 
0 0 0

6 3 6 3lim lim lim3 3
h h h

h h
h h→ → →

+ −
= = = .

vr% x = 2 ij iQyu 3x dk vodyt 3 gSA

mnkgj.k 6   x =  –1 ij iQyu f(x) = 2x2 + 3x – 5 dk vodyt Kkr dhft,A ;g Hkh fl¼
dhft, fd f ′ (0) + 3f ′ ( –1) = 0.

gy  ge igys x = 0 vkSj x = –1 ij  f(x) dk vodyt Kkr djrs gSaA ge ikrs gSa fd

( )' 1f − = 
( ) ( )

0

1 1
lim
h

f h f
h→

− + − −

= 
( ) ( ) ( ) ( )2 2

0

2 1 3 1 5 2 1 3 1 5
lim
h

h h

h→

⎡ ⎤ ⎡ ⎤− + + − + − − − + − −⎣ ⎦ ⎣ ⎦

= ( ) ( )
2

0 0

2lim lim 2 1 2 0 1 1
h h

h h h
h→ →

−
= − = − = −

vkSj     ( )' 0f = 
( ) ( )

0

0 0
lim
h

f h f
h→

+ −

= 
( ) ( ) ( ) ( )2 2

0

2 0 3 0 5 2 0 3 0 5
lim
h

h h

h→

⎡ ⎤ ⎡ ⎤+ + + − − + −⎣ ⎦ ⎣ ⎦

= ( ) ( )
2

0 0

2 3lim lim 2 3 2 0 3 3
h h

h h h
h→ →

+
= + = + =

Li"Vr% ( ) ( )' 0 3 ' 1 0f f+ − =

fVIi.kh   bl fLFkfr esa è;ku nhft, fd ,d fcanq ij vodyt dk eku izkIr djus esa lhek Kkr
djus osQ fofo/ fu;eksa dk izHkkodkjh iz;ksx lfEefyr gSA fuEufyf[kr bldks Li"V djrk gS%

mnkgj.k 7     x = 0 ij sin x dk vodyt Kkr dhft,A

gy  eku yhft, f(x) = sin x. rc

f′(0)= 
( ) ( )

0

0 0
lim
h

f h f
h→

+ −
 = 

( ) ( )
0

sin 0 sin 0
lim
h

h
h→

+ −
 = 

0

sinlim 1
h

h
h→

=



  lhek vkSj vodyt           323

mnkgj.k 8     x = 0 vkSj x = 3 ij iQyu f(x) = 3 dk vodyt Kkr dhft,A

gy  D;ksafd vodyt iQyu esa ifjorZu dks ekirk gS] lgt:i ls ;g Li"V gS fd vpj iQyu
dk izR;sd fcanq ij vodyu 'kwU; gksuk pkfg,A bls] okLro esa] fuEufyf[kr ifjdyu ls cy feyrk gSA

( )' 0f =
( ) ( )

0 0 0

0 0 3 3 0lim lim lim 0
h h h

f h f
h h h→ → →

+ − −
= = = .

blh izdkj ( )' 3f  =
( ) ( )

0 0

3 3 3 3lim lim 0
h h

f h f
h h→ →

+ − −
= = .

vc ge ,d fcanq ij iQyu osQ
vodyt dh T;kferh; O;k[;k izLrqr
djrs gSaA

eku yhft,  y = f(x) ,d iQyu
gS vkSj eku yhft, bl iQyu osQ
vkys[k ij P = (a, f(a)) vkSj
Q = (a + h, f(a + h) nks ijLij
fudV fcanq gSaA vko`Qfr 13.11 vc
Lo;a O;k[;kRed gSA ge  tkurs gSa fd

( ) ( ) ( )
0

lim
h

f a h f a
f a

h→

+ −
′ =

f=kHkqt PQR, ls ;g Li"V gS fd og vuqikr ftldh lhek ge ys jgs gSa] ;FkkFkZrk ls
tan (QPR) osQ cjkcj gS tks fd thok PQ dk <ky gSA lhek ysus dh izfØ;k esa] tc h, 0 dh
vksj vxzlj gksrk gS] fcanq Q, P dh vksj vxzlj gksrk gS vkSj ge ikrs gSa vFkkZr~

( ) ( )
0 Q P

QRlim lim
PRh

f a h f a
h→ →

+ −
=

;g bl rF; osQ rqY; gS fd thok PQ, oØ y = f(x) osQ fcanq P ij Li'khZ dh vksj vxzlj

gksrh gSA vr% ( ) tanψf a′ = .

,d fn, iQyu f osQ fy, ge izR;sd fcanq ij vodyt Kkr dj ldrs gSaA ;fn izR;sd fcanq
ij vodyt dk vfLrRo gS rks ;g ,d u;s iQyu dks ifjHkkf"kr djrk gS ftls iQyu f dk
vodyt dgk tkrk gS vkSipkfjd :i ls ge ,d iQyu osQ vodyt dks fuEufyf[kr izdkj
ifjHkkf"kr djrs gSaA

vko`Qfr 13.11
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ifjHkk"kk 2  eku yhft, fd  f  ,d okLrfod ekuh; iQyu gS] rks

( ) ( )
0

lim
h

f x h f x
h→

+ −

ls ifjHkkf"kr iQyu] tgk¡ dgha lhek dk vfLrRo gS] dks x ij f  dk vodyt ifjHkkf"kr fd;k
tkrk gS vkSj f′(x) ls fu:fir fd;k tkrk gSA vodyt dh bl ifjHkk"kk dks vodyt dk izFke
fl¼kar Hkh dgk tkrk gSA

bl izdkj f′ (x) = 
( ) ( )

0
lim
h

f x h f x
h→

+ −

Li"Vr%  f′ (x) dh ifjHkk"kk dk izkar ogh gS tgk¡ dgha mi;qZDr lhek dk vfLrRo gSA ,d

iQyu osQ vodyt osQ fofHkUu laosQru gSaA dHkh&dHkh f′(x) dks ( )( )d f x
dx  ls fu:fir fd;k

tkrk gS ;fn y = f(x), rks ;g 
dy
dx  ls fu:fir fd;k tkrk gSA bls y ;k f(x) osQ lkis{k vodyt

osQ :i esa mYysf[kr fd;k tkrk gS bls D (f (x) ) ls Hkh fu:fir fd;k tkrk gSA

blosQ vfrfjDr x = a ij f osQ vodyt dks ( )
a a

d dff x
dx dx

; k ;k 
x a

df
dx =

⎛ ⎞
⎜ ⎟
⎝ ⎠

ls Hkh

fu:fir fd;k tkrk gSA

mnkgj.k 9 f(x) = 10 x dk vodyt Kkr dhft,A

gy  ge ikrs gSa f′ (x) =
( ) ( )

0
lim
h

f x h f x
h→

+ −
 = 

( ) ( )
0

10 10
lim
h

x h x
h→

+ −

=
0

10lim
h

h
h→

 = ( )
0

lim 10 10
h→

=

mnkgj.k 10 f(x) = x2 dk vodyt Kkr dhft,A

gy ge ikrs gSa f′(x) =
( ) ( )

0
lim
h

f x h f x
h→

+ −

=
( ) ( )2 2

0
lim
h

x h x
h→

+ −
 = ( )

0
lim 2 2
h

h x x
→

+ =
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mnkgk.k 11 ,d vpj okLrfod la[;k  a osQ fy,] vpj iQyu  f(x) = a dk vodyt
Kkr dhft,A

gy   ge ikrs gSa f′(x) =
( ) ( )

0
lim
h

f x h f x
h→

+ −

=
0 0

0lim lim 0
h hh h

a a
→ →

−
= =  D;ksafd 0h ≠

mnkgj.k 12  f(x) = 
1
x dk vodyt Kkr dhft,A

gy    ge ikrs gSa  f′(x) =  
( ) ( )

0
lim
h

f x h f x
h→

+ −

=  
0

1 1–
( )lim

h

x h x
h→

+

=  
( )
( )0

1lim
h

x x h
h x x h→

⎡ ⎤− +
⎢ ⎥

+⎢ ⎥⎣ ⎦

= ( )0

1lim
h

h
h x x h→

⎡ ⎤−
⎢ ⎥

+⎢ ⎥⎣ ⎦
= ( )0

1lim
h x x h→

−
+  = 2

1
x

−

( ) ( ) ( ) ( )

13.5.1 iQyuksa osQ vodyt dk chtxf.kr (Algebra of derivative of functions)  D;ksafd
vodyt dh ;FkkFkZ ifjHkk"kk esa lhek fu'p; gh lh/s :i eas lfEefyr gS] ge vodyt osQ

fu;eksa osQ fudVrk ls lhek osQ fu;eksa osQ vuqxeu dh vk'kk djrs gSaA ge budks fuEufyf[kr izes;ksa

esa ikrs gSa%

izes; 5 eku yhft, f  vkSj g nks ,sls iQyu gSa fd muosQ mHk;fu"B izkar esa muosQ vodyu

ifjHkkf"kr gSa] rc

(i) nks iQyuksa osQ ;ksx dk vodyt mu iQyuksa osQ vodytksa dk ;ksx gSA

d d df x g x f x g x
dx dx dx
⎡ ⎤+ = +⎣ ⎦
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(ii) nks iQyuksa osQ varj dk vodyt mu iQyuksa osQ vodytksa dk varj gSA

( ) ( ) ( ) ( )d d df x g x f x g x
dx dx dx

⎡ ⎤− = −⎣ ⎦

(iii) nks iQyuksa osQ xq.ku dk vodyt fuEufyf[kr xq.ku fu;e (product rule) ls fn;k
x;k gS%

( ) ( ). ( ) . ( ) ( ) . ( )d d df x g x f x g x f x g x
dx dx dx

⎡ ⎤ = +⎣ ⎦

(iv) nks iQyuksa osQ HkkxiQy dk vodyt fuEufyf[kr HkkxiQy fu;e (quotient rule)
ls fn;k x;k gS (tgk¡ dgha gj 'kwU;srj gS)

( )2

( ) . ( ) ( ) ( )( )
( ) ( )

d df x g x f x g xd f x dx dx
dx g x g x

−⎛ ⎞
=⎜ ⎟

⎝ ⎠

budh miifÙk lhekvksa dh rqY; :i izes;ksa ls vko';dh; :i ls vuqlj.k djrh gSaA ge bUgsa
;gk¡ fl¼ ugha djsaxsA lhekvksa dh fLFkfr dh rjg ;g izes; crykrk gS fd fo'ks"k izdkj osQ iQyuksa
osQ vodyt dSls ifjdfyr fd, tkrs gSaA izes; osQ vafre nks dFkuksa dks fuEufyf[kr <ax ls iqu%
dgk tk ldrk gS ftlls muosQ iquLeZj.k djus esa vklkuh ls lgk;rk feyrh gSA

eku yhft, ( )u f x=  vkSj v = g (x) rc

( )uv ′  = u v uv′ ′+

;g iQyuksa osQ xq.ku osQ vodyu osQ fy, Leibnitz fu;e ;k xq.ku fu;e mYysf[kr gksrk
gSA blh izdkj] HkkxiQy fu;e gS

u
v

′⎛ ⎞
⎜ ⎟
⎝ ⎠

= 2
u v uv

v
′ ′−

vc] vkb, ge oqQN ekud iQyuksa osQ vodyuksa dks ysaA ;g ns[kuk ljy gS fd iQyu
f (x) = x dk vodyt vpj iQyu 1 gSA ;g gS D;ksafd

f  (x) = 
( ) ( )

0
lim
h

f x h f x
h→

+ −
 = 

0
lim
h

x h x
h→

+ −

= 0
lim1 1
h→

=
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ge bldk vkSj mi;qZDr izes; dk iz;ksx f(x) = 10x = x + x + ... + x (10 in)
(mi;qZDr izes; osQ (i) ls) osQ vodyt osQ ifjdyu esa djrs gSa

     
( )df x

dx  =
d
dx  ( )...x x+ +  (10 in)

= . . .d dx x
dx dx

+ +   (10 in)

= 1 ... 1+ +  (10 in) = 10.
ge è;ku nsrs gSa fd bl lhek dk eku xq.ku lw=k osQ iz;ksx ls Hkh izkIr fd;k tk ldrk gSA

ge fy[krs gSa]  f(x) = 10x = uv, tgk¡ u fy[krs gSa tgk¡ u izR;sd txg eku 10 ysdj vpj iQyu
gS vkSj v(x) = x. ;gk¡ ge tkurs gSa fd u dk vodyt 0 osQ cjkcj gS lkFk gh v(x) = x dk
vodyt 1 osQ cjkcj gSA bl izdkj xq.ku fu;e ls] ge ikrs gSa

( )f x′  = ( ) ( )10 0. 10.1 10x uv u v uv x′ ′ ′ ′= = + = + =

blh vk/kj ij f(x) = x2 osQ vodyt dk eku izkIr fd;k tk ldrk gSA ge ikrs gSa
f(x) = x2 = x .x vkSj vr%

df
dx  = ( ) ( ) ( ). . .d d dx x x x x x

dx dx dx
= +

= 1. .1 2x x x+ =
vf/d O;kid :i ls ge fuEufyf[kr izes; ikrs gSa%

izes; 6 fdlh /u iw.kk±d n osQ fy, f(x) = xn dk vodyt nxn – 1 gSA

miifÙk vodyt iQyu dh ifjHkk"kk ls] ge ikrs gSa

       ( ) ( ) ( )
0

' lim
h

f x h f x
f x

h→

+ −
= =

( )
0

lim
n n

h

x h x
h→

+ −
.

f}in izes; dgrk gS fd  (x + h)n = ( ) ( ) ( )1
0 1C C ... Cn n n n n n

nx x h h−+ + + vkSj

(x + h)n – xn = h(nxn – 1 +... + hn – 1) bl izdkj

( )df x
dx = 

( )
0

lim
n n

h

x h x
h→

+ −
 = 

( )1 1

0

...
lim

n n

h

h nx h

h

− −

→

+ +

= ( )1 1

0
lim ...n n

h
nx h− −

→
+ + , = 1nnx −
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fodYir% ge bldks n ij vkxeu vkSj xq.ku lw=k ls Hkh fuEu izdkj fl¼ dj ldrs gSa%
n = 1 osQ fy, ;g lR; gS tSlk fd igys fn[kk;k tk pqdk gS

( )nd x
dx = ( )1. nd x x

dx
−

= ( ) ( ) ( )1 1. .n nd dx x x x
dx dx

− −+ (xq.ku lw=k ls)

= ( )( )1 21. . 1n nx x n x− −+ −  (vkxeu ifjdYiuk ls)

= ( )1 1 11n n nx n x nx− − −+ − =

fVIi.kh  mi;qZDr izes; x,dh lHkh ?kkrksa osQ fy, lR; gS vFkkZr~  n dksbZ Hkh okLrfod la[;k gks
ldrh gSA (ysfdu ge bldks ;gk¡ fl¼ ugha djsaxs)

13.5.2  cgqinksa vkSj f=kdks.kferh; iQyuksa osQ vodyt (Derivative of polynomials and
trigonometric functions)  ge fuEufyf[kr izes; ls izkjaHk djsaxs tks gedks cgqinh; iQyuksa osQ
vodyt crykrh gSA

izes; 7 eku yhft,  f(x) = 1
1 1 0....n n

n na x a x a x a−
−+ + + +  ,d cgqinh; iQyu gS tgk¡ ais

lHkh okLrfod la[;k,¡ gSa vkSj an ≠  0 rc vodyt iQyu bl izdkj fn;k tkrk gS%

( )1 2
1

( ) 1 ...n x
n n

df x na x n a x
dx

− −
−= + − + +  2 12a x a+

bl izes; dh miifÙk izes; 5 vkSj izes; 6 osQ Hkkx (i) dks ek=k lkFk j[kus ls izkIr dh tk
ldrh gSA

mnkgj.k 13    6x100 – x55 + x osQ vodyt dk ifjdyu dhft,A

gy   mi;qZDr izes; dk lh/k vuqiz;ksx crykrk gS fd mi;qZDr iQyu dk vodyt
99 54600 55 1x x− +  gSA

mnkgj.k 14   x = 1  ij  f(x) = 1 + x + x2 + x3 +... + x50  dk vodyt Kkr dhft,A .

gy mi;qZDr izes; 6 dk lh/k vuqiz;ksx crykrk gS fd mi;qZDr iQyu dk vodyt
1 + 2x + 3x2 + . . . + 50x49  gSA  x = 1  ij bl iQyu dk eku 1 + 2(1) + 3(1)2 + .. . + 50(1)49

= 1 + 2 + 3 + . . . + 50 = 
( )( )50 51

2
 = 1275  gSA
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mnkgj.k 15   f(x) = 
1x

x
+

  dk vodyt Kkr dhft,A

gy  ;g iQyu x = 0  osQ vfrfjDr izR;sd osQ fy, ifjHkkf"kr gSA ge ;gk¡ u = x + 1 vkSj v = x
ysdj HkkxiQy fu;e dk iz;ksx djrs gSaA vr% u´ = 1 vkSj v´ = 1 blfy,

     
( ) 1df x d x d u

dx dx x dx v
+⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
( ) ( )

2 2 2

1 1 1 1x xu v uv
v x x

− +′ ′−
= = = −

mnkgj.k 16   sin x  osQ vodyt dk ifjdyu dhft,A

gy     eku yhft, f(x) = sin x, rc

( )df x
dx = 

( ) ( ) ( ) ( )
0 0

sin sin
lim lim
h h

f x h f x x h x
h h→ →

+ − + −
=

= 
0

22cos sin
2 2lim

h

x h h

h→

+⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠  ( sin A – sin B  osQ lw=k dk iz;ksx djosQ)

= 0 0

sin
2lim cos .lim cos .1 cos

2
2

h h

h
hx x xh→ →

⎛ ⎞+ = =⎜ ⎟
⎝ ⎠ .

mnkgj.k 17    tan x  osQ vodyt dk ifjdyu dhft,A

gy   eku yhft, f(x) = tan x, rc

( )df x
dx = 

( ) ( ) ( ) ( )
0 0

tan tan
lim lim
h h

f x h f x x h x
h h→ →

+ − + −
=

= 
( )
( )0

sin1 sinlim
cos cosh

x h x
h x h x→

⎡ ⎤+
−⎢ ⎥

+⎢ ⎥⎣ ⎦

= 
( ) ( )

( )0

sin cos cos sin
lim

cos cosh

x h x x h x
h x h x→

⎡ ⎤+ − +
⎢ ⎥

+⎢ ⎥⎣ ⎦

= 
( )
( )0

sin
lim

cos cosh

x h x
h x h x→

+ −
+  (sin (A + B) osQ lw=k dk iz;ksx djosQ)
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= ( )0 0

sin 1lim .lim
cos cosh hh x h x

h
→ → +

= 2
2

11. sec
cos

x
x
=

mnkgj.k 18    f(x) = sin2 x osQ vodyt dk ifjdyu dhft,A

gy  ge bldk eku izkIr djus osQ fy, Leibnitz xq.ku lw=k dk iz;ksx djrs gaSA

( )df x
dx  =

d
dx (sin x sin x)

= (sin x)′ sin x + sin x (sin x)′
= (cos x) sin x + sin x (cos x)
= 2sin x cos x = sin 2x.

iz'ukoyh 13.2

1. x = 10 ij x2 – 2 dk vodyt Kkr dhft,A
2. x = l00 ij 99x dk vodyt Kkr dhft,A
3. x = 1 ij x dk vodyt Kkr dhft,A
4. izFke fl¼kar ls fuEufyf[kr iQyuksa osQ vodyt Kkr dhft,%

(i) 3 27x −  (ii)   ( )( )1 2x x− −

(iii) 2
1
x (iv)   

1
1

x
x
+
−

5. iQyu  ( )
100 99 2

. . . 1
100 99 2
x x xf x x= + + + + +

osQ fy, fl¼ dhft, fd ( ) ( )1 100 0f f′ ′= .

6. fdlh vpj okLrfod la[;k a osQ fy, 1 2 2 1. . .n n n n nx ax a x a x a− − −+ + + + +  dk
vodyt Kkr dhft,

7. fdUgha vpjksa a vkSj b, osQ fy,]

 (i) ( ) ( )x a x b− −   (ii)   ( )22ax b+       (iii)  
x a
x b
−
−

osQ vodyt Kkr dhft,A
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8. fdlh vpj a osQ fy,  
n nx a
x a
−
−

 dk vodyt Kkr dhft,A

9. fuEufyf[kr osQ vodyt Kkr dhft,%

(i)
32
4

x − (ii)   ( ) ( )35 3 1 1x x x+ − −

(iii) ( )3 5 3x x− + (iv)   ( )5 93 6x x−−

(v) ( )4 53 4x x− −− (vi)   
22

1 3 1
x

x x
−

+ −

10. izFke fl¼kar ls cos x dk vodyt Kkr dhft,A
11. fuEufyf[kr iQyuksa osQ vodyt Kkr dhft,A

(i) sin cosx x (ii)   sec x         (iii)  5sec 4cosx x+
(iv) cosec x (v)   3cot 5cosecx x+
(vi) 5sin 6cos 7x x− +            (vii)  2 tan 7secx x−

fofo/ mnkgj.k

mnkgj.k 19 izFke fl¼kar ls f  dk vodyt Kkr dhft, tgk¡ f  bl izdkj iznÙk gS%

(i) f (x) = 
2 3

2
x

x
+
−

(ii)    f (x) = 
1x
x

+

gy   (i) è;ku nhft, fd iQyu x = 2 ij ifjHkkf"kr ugha gSA ysfdu] ge ikrs gSa

( ) ( ) ( )
( )

0 0

2 3 2 3
2 2lim lim

h h

x h x
f x h f x x h xf x

h h→ →

+ + +
−+ − + − −′ = =

= 
( )( ) ( )( )

( )( )0

2 2 3 2 2 3 2
lim

2 2h

x h x x x h
h x x h→

+ + − − + + −
− + −

= 
( )( ) ( ) ( )( ) ( )

( )( )0

2 3 2 2 2 2 3 2 2 3
lim

2 2h

x x h x x x h x
h x x h→

+ − + − − + − − +
− + −

= ( ) ( ) ( )20

–7 7lim
2 2 2h x x h x→

= −
− + − −
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iqu% è;ku nhft, fd x = 2  ij iQyu f ′  Hkh ifjHkkf"kr ugha gSA

(ii) x = 0 ij iQyu ifjHkkf"kr ugha gSA ysfdu] ge ikrs gSa

( )f x′ = 
( ) ( )

0 0

1 1

lim lim
h h

x h xf x h f x x h x
h h→ →

⎛ ⎞ ⎛ ⎞+ + − +⎜ ⎟ ⎜ ⎟+ − +⎝ ⎠ ⎝ ⎠=

= 
0

1 1 1lim
h h x h x

h
→

⎡ ⎤+ −⎢ ⎥+⎣ ⎦

= ( ) ( )0 0

1 1 1lim lim 1
h h

x x hh h
h x x h h x x h→ →

⎡ ⎤⎡ ⎤ ⎛ ⎞− −
+ = −⎢ ⎥⎜ ⎟⎢ ⎥ ⎜ ⎟+ +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦

= ( ) 20

1 1lim 1 1
h x x h x→

⎡ ⎤
− = −⎢ ⎥

+⎢ ⎥⎣ ⎦

iqu% è;ku nhft, fd x = 0 ij iQyu f ′  ifjHkkf"kr ugha gSA

mnkgj.k 20 izFke fl¼kar ls iQyu f(x) dk vodyt Kkr dhft, tgk¡ f(x)

(i) sin cosx x+ (ii) sinx x

gy  (i) ge ikrs gSa] ( )'f x  = 
( ) ( )f x h f x

h
+ −

= 
( ) ( )

0

sin cos sin cos
lim
h

x h x h x x
h→

+ + + − −

= 
0

sin cos cos sin cos cos sin sin sin coslim
h

x h x h x h x h x x
h→

+ + − − −

= 
( ) ( ) ( )

0

sinh cos sin sin cos 1 cos cos 1
lim
h

x x x h x h
h→

− + − + −

= ( ) ( )
0 0

cos 1sinlim cos sin limsin
h h

hh x x x
h h→ →

−
− +   ( )

0

cos 1
lim cos
h

h
x

h→

−
+

= cos x – sin x
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(ii) ( )'f x =  
( ) ( ) ( ) ( )

0 0

sin sin
lim lim
h h

f x h f x x h x h x x
h h→ →

+ − + + −
=

=
( )( )

0

sin cos sin cos sin
lim
h

x h x h h x x x
h→

+ + −

=
( ) ( )

0

sin cos 1 cos sin sin cos sin cos
lim
h

x x h x x h h x h h x
h→

− + + +

= 
( )

00

sin cos 1 sinlim lim coshh

x x h hx x
h h→→

−
+ ( )

0
lim sin cos sin cos
h

x h h x
→

+ +

= x cos x + sin x

mnkgj.k 21  (i) f(x) = sin 2x (ii) g(x) = cot x
osQ vodyt dk ifjdyu dhft,A

gy  (i) f=kdks.kfefr lw=k  sin 2x = 2 sin x cos x dk iquLeZj.k dhft,A bl izdkj

( )df x
dx  = ( ) ( )2sin cos 2d sin cosdx x x x

dx dx
=

= ( ) ( )2 sin cos sin cosx x x x⎡ ⎤′ ′+⎢ ⎥⎣ ⎦

= ( ) ( )2 cos cos sin sinx x x x⎡ ⎤+ −⎣ ⎦  = ( )2 22 cos sinx x−

(ii) ifjHkk"kk ls] g(x) = 
coscot
sin

xx
x

=  ge HkkxiQy lw=k dk iz;ksx bl iQyu ij djsaxs] tgk¡ dgha

;g ifjHkkf"kr gSA
dg
dx =

cos(cot )
sin

d d xx
dx dx x

⎛ ⎞= ⎜ ⎟
⎝ ⎠

= 2
(cos ) (sin ) (cos )(sin )

(sin )
x x x x

x
′ ′−

= 2
( sin )(sin ) (cos )(cos )

(sin )
x x x x

x
− −

=
2 2

2
2

sin cos cosec
sin
x x x

x
+

− =−
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fodYir% bldks è;ku nsdj fd 
1cot

tan
x

x
= , ifjdfyr fd;k tk ldrk gSA ;gk¡ ge bl rF;

dk iz;ksx djrs gSa fd tan x dk vodyt sec2 x gS tks geus mnkgj.k 17 esa ns[kk gS vkSj lkFk
gh vpj iQyu dk vodyt 0 gksrk gSA

dg
dx = 

1(cot )
tan

d dx
dx dx x

⎛ ⎞= ⎜ ⎟
⎝ ⎠

= 2
(1) (tan ) (1)(tan )

(tan )
x x

x
′ ′−

= 
2

2
(0) (tan ) (sec )

(tan )
x x

x
−

= 
2

2
2

sec cosec
tan

x x
x

−
= −

mnkgj.k 22 (i) 
5 cos
sin

x x
x

−
(ii) 

cos
tan

x x
x

+

dk vodyt Kkr dhft,A

gy  (i) eku yhft, 
5 cos( )
sin

x xh x
x

−
= . tgk¡ dgha Hkh ;g ifjHkkf"kr gS] ge bl iQyu ij

HkkxiQy fu;e dk iz;ksx djsaxsA

5 5

2
( cos ) sin ( cos ) (sin )( )

(sin )
x x x x x xh x

x
′ ′− − −′ =

= 
4 5

2
(5 sin )sin ( cos )cos

sin
x x x x x x

x
+ − −

= 
5 4

2
cos 5 sin 1

(sin )
x x x x

x
− + +

 (ii) ge iQyu 
cos

tan
x x

x
+

  ij HkkxiQy fu;e dk iz;ksx djsaxs tgk¡ dgha Hkh ;g ifjHkkf"kr gSA



  lhek vkSj vodyt           335

( )h x′ = 2
( cos ) tan ( cos )(tan )

(tan )
x x x x x x

x
′ ′+ − +

=
2

2
(1 sin ) tan ( cos )sec

(tan )
x x x x x

x
− − +

vè;k; 13 ij fofo/ iz'ukoyh

1.  izFke fl¼kar ls fuEufyf[kr iQyuksa dk vodyt Kkr dhft,%

 (i) x− (ii) 1( )x −− (iii) sin (x + 1) (iv) cos (x – 
8
π

)

fuEufyf[kr iQyuksa osQ vodyt Kkr dhft, (;g le>k tk; fd  a, b, c, d, p, q, r vkSj
s fuf'pr 'kwU;srj vpj gSa vkSj m rFkk n iw.kk±d gSaA):

2. (x + a) 3. (px + q) 
r s
x

⎛ ⎞+⎜ ⎟
⎝ ⎠

4. ( )( )2ax b cx d+ +

5.
ax b
cx d

+
+

6.

11

11

x

x

+

−
7. 2

1
ax bx c+ +

8. 2
ax b

px qx r
+

+ + 9.
2px qx r
ax b
+ +
+

10. 4 2
a cosb x
x x

− +

11. 4 2x − 12. ( )nax b+ 13. ( ) ( )n max b cx d+ +

14. sin (x + a) 15. cosec x cot x 16.
cos

1 sin
x

x+

17.
sin cos
sin cos

x x
x x
+
−

18.
sec 1
sec 1

x
x
−
+

19. sinn x

20.
sin
cos

a b x
c d x
+
+

21.
sin( )

cos
x a

x
+

22. 4 (5sin 3cos )x x x−

23. ( )2 1 cosx x+ 24. ( )( )2 sin cosax x p q x+ +
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25. ( ) ( )cos tanx x x x+ − 26.
4 5sin
3 7cos

x x
x x
+
+

27. 
2 cos

4
sin

x

x

π⎛ ⎞
⎜ ⎟
⎝ ⎠

28.
1 tan

x
x+

29. ( ) ( )sec tanx x x x+ − 30. sinn
x

x

lkjka'k

iQyu dk visf{kr eku tks ,d fcanq osQ ckb± vksj osQ fcanqvksa ij fuHkZj djrk gS] fcanq
ij iQyu osQ ck,¡ i{k dh lhek (Left handed limit) dks ifjHkkf"kr djrk gSA blh
izdkj nk,¡ i{k dh lhek (Right handed limit)A
,d fcanq ij iQyu dh lhek ck,¡ i{k vkSj nk,¡ i{k dh lhekvksa ls izkIr mHk;fu"B eku
gSa ;fn os laikrh gksaA
;fn fdlh fcanq ij ck,¡ i{k vkSj nk,¡ i{k dh lhek,¡ laikrh u gksa rks ;g dgk tkrk
gS fd ml fcanq ij iQyu dh lhek dk vfLrRo ugha gSA

,d okLrfod la[;k a vkSj ,d iQyu f  osQ fy, lim
x a→  f(x) vkSj f (a) leku ugha Hkh

gks ldrs (okLro esa] ,d ifjHkkf"kr gks vkSj nwljk ugha)
iQyukas  f vkSj g osQ fy, fuEufyf[kr ykxw gksrs gSa%

[ ]lim ( ) ( ) lim ( ) lim ( )
x a x a x a

f x g x f x g x
→ → →

± = ±

[ ]lim ( ). ( ) lim ( ).lim ( )
x a x a x a

f x g x f x g x
→ → →

=

lim ( )( )lim
( ) lim ( )

x a
x a

x a

f xf x
g x g x

→

→
→

⎡ ⎤
=⎢ ⎥

⎣ ⎦

fuEufyf[kr oqQN ekud lhek,¡ gSaA

1lim
n n

n

x a

x a na
x a

−

→

−
=

−

0

sinlim 1
x

x
x→

=
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0

1 coslim 0
x

x
x→

−
=

a ij iQyu f  dk vodyt

0

( ) ( )( ) lim
h

f a h f af a
h→

+ −′ = ls ifjHkkf"kr gksrk gSA

izR;sd fcanq ij vodyt] vodyt iQyu

0

( ) ( ) ( )( ) lim
h

df x f x h f xf x
dx h→

+ −′ = = ls ifjHkkf"kr gksrk gSA

iQyuksa u vkSj v osQ fy, fuEufyf[kr ykxw gksrk gS%

( )u v u v′ ′ ′± = ±

( )uv u v uv′ ′ ′= +

2
u u v uv
v v

′ ′ ′−⎛ ⎞ =⎜ ⎟
⎝ ⎠

 c'krsZ lHkh ifjHkkf"kr gSaA

fuEufyf[kr oqQN ekud vodyt gSa%

1( )n nd x nx
dx

−=

(sin ) cosd x x
dx

=

(cos ) sind x x
dx

=−

,sfrgkfld i`"BHkwfe

xf.kr osQ bfrgkl esa dyu osQ vUos"k.k osQ Js; dh Hkkxhnkjh gsrq nks uke izeq[k gaS
Issac Newton (1642 – 1727) vkSj G.W. Leibnitz (1646 – 1717). l=kgoha 'krkCnh esa
nksuksa us Lora=krk iwoZd dyu dk vUos"k.k fd;kA dyu osQ vkxeu osQ ckn blosQ vkxkeh
fodkl gsrq vusd xf.krKksa us ;ksxnku fd;kA ifj'kq¼ ladYiuk dk eq[; Js; egku xf.krKksa
A.L.Cauchy, J.L.Lagrange vkSj Karl Weier strass dks izkIr gSA Cauchy us dyu dks
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vk/kj fn;k ftldks vc ge O;kidr% ikB~~; iqLrdksa esa Lohdkj dj pqosQ gSaA Cauchy us
D'Almbert dh lhek ladYiuk osQ iz;ksx osQ }kjk vodyt dh ifjHkk"kk nhA lhek dh

ifjHkk"kk ls izkjaHk djrs gq, α = 0 osQ fy, 
sinα
α

dh lhek tSls mnkgj.k fn,A mUgksaus

( ) ( ) ,y f x i f x
x i

Δ + −
=

Δ fy[kk vkSj 0,i → osQ fy, lhek dks  'f "(x) osQ fy, y*]

¶function derive’e¸ uke fn;kA

1900 ls iwoZ ;g lkspk tkrk Fkk fd dyu dks i<+kuk cgqr dfBu gS] blfy, dyu
;qokvksa dh igq¡p ls ckgj FkhA ysfdu Bhd 1900 esa baxySaM esa John Perry ,oa vU; us bl
fopkj dk izpkj djuk izkjaHk fd;k fd dyu dh eq[; fof/;k¡ vkSj /kj.kk,¡ ljy gSa vkSj
LowQy Lrj ij Hkh i<+k;k tk ldrk gSA F.L. Griffin us dyu osQ vè;;u dks izFke o"kZ osQ
Nk=kksa ls izkjaHk djosQ usr`Ro iznku fd;kA mu fnuksa ;g cgqr pqukSrhiw.kZ dk;Z FkkA

vkt u osQoy xf.kr vfirq vusd vU; fo"k;ksa tSls HkkSfrdh] jlk;u foKku] vFkZ'kkL=k]
thofoKku esa dyu dh mi;ksfxrk egRoiw.kZ gSA

— —


